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X̂ = µ(Fn) =

∫ ∞

−∞
xdFn(x) =

1

n

n∑

i=1

Xi

$# &/ "# $%& '( 0'(  !" ":-"5 ", )&*+" µ(f) =
∫∞
−∞ xdF (x)2 ; !&# $/6+"/5" 0+/5 $'/

IC(x;F, µ) = lim
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λ

=
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dλ

∫ ∞

−∞
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/3-,*0!- #+!:# & 10G$"$-* .0,*3"$ H 053"$ @6IJ6 >$ ,&- #$$ & #05-0K,&-* 1$%0&*0!- /"!4 *+$

,!-K1$-,$ 2&-1# 2&#$1 !- >+0*$ 8!0#$ &-1 *+$"$/!"$ /"!4 0-1$.$-1$-,$6 B+3#) !-$ ,&- &##34$

& ,$"*&0- 1$.$-1$-,$ 0- *+$ 1&*&6 L'$&#$ -!*$ *+&* 2!*+ 10#,+&"5$ #$"0$# &"$ -!* "$'&*$1 10"$,*'()

#0-,$ *+$ 4&<0434 %&'3$# &"$ .$&= 4$&#3"$4$-*#6

M/ !-$ &,,$.*# *+$ ."$#$-,$ !/ 1$.$-1$-,$ 0- *+$ 1&*&) *+$ 93$#*0!- &"0#$#) :+0,+ =0-1 !/ 1$.$-;

1$-,$ 0# ."$#$-*6

N- *+$ '$/* +&-1 #01$ !/  053"$ @6I !-$ ,&- #$$ & /&#* 1$,&( !/ *+$ &3*!,!""$'&*0!- /3-,*0!-)

:+$"$&# !- *+$ "05+* +&-1 #01$ *+$"$ 0# !-'( & #'!: 1$,&(6 8$%$"*+$'$##) *+$ #&4$ 5&35$ 0#

,!-#01$"$1) !-'( *+$ *(.$ !/ 10#,+&"5$# H4!-*+'( 4&<04& &-1 1&0'( 4$&-#J 0# 10G$"$-*6

M- 5$-$"&') 4!#* !/ *+$ ,!-#01$"$1 O!!1 #$"0$# 0- +(1"!'!5( ,&- 2$ &##34$1 *! 2$ 0-1$.$-1$-*

!" #+!"*;"&-5$ 1$.$-1$-*6 D!"$!%$") *! 1$*$,* '!-5;"&-5$ 1$.$-1$-* 2$+&%0!3") *+$ *04$ #$"0$#

,!-#01$"$1 +$"$ &"$ -!* '!-5 $-!35+6 M- *+$ /!''!:0-5 :$ :0'' *+$"$/!"$ ,!-,$-*"&*$ !- *+$ ,!-,$.*

!/ #+!"*;"&-5$ 1$.$-1$-,$6

B+$"$ $<0#* #$%$"&' 1$K-0*0!-# !/ 10G$"$-* /!"4# !/ #+!"*;"&-5$ 1$.$-1$-,$6 N-$ !/ *+$ 4!#*

,!44!- :&(# *! 1$K-$ #+!"*;"&-5$ 1$.$-1$-,$ 0# 2( 40<0-5 ."!,$##$#6

P"&1'$( HIQQRJ 50%$# &- !%$"%0$: !%$" *+$ 10G$"$-* /!"4# !/ 40<0-56 >$ :0'' ,!-#01$" *+$ ,&#$

!/ &2#!'3*$'( "$53'&" #$93$-,$# !/ "&-1!4 %&"0&2'$#6

 !"#$%$&# '()(  !" A,B ⊂ F #! "$% σ&'!()* %+ ",! -.%#/#0(0"1 *-/2! (Ω,F ,P)3 4,! /#*%(5"!
.!65(/.0"1 2%!720!+" %8 A /+) B 0* 609!+ #1

β(A,B) = E sup
A∈A

|P(A|B)− P(A)| .

:8 (Xn)n∈N 0* / *"/"0%+/.1 -.%2!**; ",!+ ",! /#*%(5"! .!65(/.0"1 2%!720!+"* %8 (Xn)n∈N /.! 609!+

#1

β(l) = sup
n∈N

β(Fn
1 ,F∞

n+l).

(Xn)n∈N 0* 2/((!) /#*%(5"!(1 .!65(/.; 08 β(l) → 0 /* l → ∞3

72#!'3*$'( "$53'&" "&-1!4 %&"0&2'$# &"$ #!4$*04$# &'#! ,&''$1 β;40<0-5 &-1 +&%$ 2$$- 0-*"!13,$1
2( S!'=!-#=00 &-1 T!U&-!% HAVWVJ6 β;40<0-5 0# & #*"!-5$" &##34.*0!- *+&- /!" $<&4.'$ α;40<0-5)
#0-,$ /!" *+$ α;40<0-5 ,!$X,0$-*# α 50%$- 2(

α(l) = sup
n∈N

sup
{
|P(A ∩B)− P(A)P(B)| : A ∈ Fn

1 , B ∈ F∞
n+l

}
,

A@
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 ! "#$%&'() #* +,#-(./0$1& 2&'&$3&$%&

 ! "#$%& !"'! α(l) ≤ 1
2β(l)( &# !"'! )*)+, '-&#$.!)$, +)/.$'+ 0+#1)&&  & $ 2)3 &) &!+#4/ 5 6 4/7

8"#./"( β95 6 4/  & 3)'2)+ !"'4 Ψ9 #+ Φ95 6 4/7

8,0 1'$ )6'50$)& :#+ &.1" '-&#$.!)$, +)/.$'+ 0+#1)&&)& '+) 1)+!' 4 ;'+2#* 1"' 4& #+ 1)+!' 4 <=9

0+#1)&&)&7 >)*)+!")$)&&( 5#+) 1#50$)6 5#%)$& $ 2) %,4'5 1'$ &,&!)5& 1'44#! -) 5#%)$$)% -, !" &

1#41)0! #: &"#+!9+'4/) %)0)4%)41)7 ?#+ )6'50$) <4%+)3& @ABCDE "'& &"#34 !"'! )*)4 '4 AR(1)
0+#1)&& #:  4%)0)4%)4! F)+4#.$$  44#*'! #4&  & 4# $#4/)+ α95 6 4/ & 41) #4) 1'4 1#4&!+.1! &)!&

!"'! '+) %)!)+5 4)% -, !") :.!.+) 0+#1)&&( 4# 5'!!)+ "#3 :'+ '3',7 G#+#%)!&2  @ABHCE )*)4 "'&

-))4 '-$) !# &"#3 !"'! !")+) )6 &! $ 4)'+ 0+#1)&&)& 3 !" 4#+5'$ % &!+ -.!)%  44#*'! #4&( 3"#&)

1#)I1 )4!& %)1$ 4) !## &$#3$,( &.1" !"'! !"), '+) 4# $#4/)+ 5 6 4/7

8# 1#*)+ '$$ !")&) 0+#1)&&)&( !") &# 1'$$)% 4)'+ )0#1" %)0)4%)41) "'& -))4 %)*)$#0)%7 J!  & -'&)%

#4 !")  %)' !"'! '$!"#./" ' +'4%#5 *'+ '-$) Xt = f(. . . , Zt−1, Zt, Zt+1, . . .)( 3" 1"  & ' :.41! #4'$

#: ' 5 6 4/ &)K.)41)(  & 4#! 4)1)&&'+ $, 5 6 4/  ! %)0)4%& #4 !") 4)'+ )0#1" #: Zt7 8")+):#+)(

&#5) 0+#0)+! )& 1'4 -) 1#41$.%)%( )&0)1 '$$, !") *'$ % !, #: $ 5 ! !")#+)5&7

 !"#$%$&# '() @>)'+ L0#1" M)0)4%)41) @>LMEE(

 !" ((Xn, Zn))n∈Z #! $ %"$"&'($)* +)',!%%- (Xn)n∈N &% ,$..!/ L1 (!$) !+',0 /!+!(/!(" 12345 '(

"0! +)',!%% (Zn)n∈Z 6&"0 $++)'7&8$"&'( ,'(%"$("% (al)l∈N9 &:

E

∣
∣
∣X1 − E

(

X1|Gl
−l

)∣
∣
∣ ≤ al l = 0, 1, 2, . . . ,

60!)! lim
l→∞

al = 0 $(/ Gl
−l &% "0! σ;<!./ =!(!)$"!/ #* Z−l, . . . , Zl-

>)'+ )0#1" %)0)4%)4! 0+#1)&&)& '+) &#5)! 5)& %)&1+ -)% 3 !" !") !)+5 $++)'7&8$"&(= :>(,"&'(;

$.%7 N4) #: !") O+&! '00$ 1'! #4& #: &.1" 2 4% #: &"#+!9+'4/) %)0)4%)4! 0+#1)&&)& 1'4 -) :#.4%

 4 J-+'/ 5#* @ABPQE7 J4 !") $ !)+'!.+) #4) #:!)4 '$&# O4%& L2 #+  4 /)4)+'$ Lp 4)'+ )0#1" %)9

0)4%)41)( 3")+) !") L1 4#+5  & & 50$, 1"'4/)% !# !") Lp 4#+5( #+ !") 3)'2)+ :#+5 #: P 9>LM

@M)"$ 4/ )! '$7 @QRAPES T#/)$ '4% U)4%$)+ @QRAVEE( 3" 1" '$$#3& !# 1#4& %)+ 0+#1)&&)& 3 !" )6 &!9

 4/ 5#5)4!& #: $#3)+ #+%)+7 8") 5' 4 % W)+)41) -)!3))4 !") % W)+)4! %)O4 ! #4& #: 4)'+ )0#1"

%)0)4%)41) '+) !") + '&&.50! #4& #4 !") )6 &! 4/ 5#5)4!&7

8") 1#41)0! #: 4)'+ )0#1" %)0)4%)41)  & )&0)1 '$$, .&):.$  4 !") 1'&) #: '4 .4%)+$, 4/ 5 6 4/

&)K.)41)( & 41)  4 !" & 1'&) *)+, ")$0:.$ 0+#0)+! )& '+)  4")+ !)%7 ;#+) %)!' $& #4 !" & '4% '

%)!' $)%  4!+#%.1! #4 !# 4)'+ )0#1" %)0)4%)41) 1'4 -) :#.4%  4 M'* %&#4 @QRRQE7

?#+ !") !3# )6'50$)& / *)4 '-#*) '4% '$&# / *)4  4 <4%+)3& @ABCDE '4% G#+#%)!&2  @ABHCE

X)4 &" '4% Y+.1"' @QRAQE &"#3 !"'! !"), '+) 4)'+ )0#1" %)0)4%)4!7

 !"! #$%&'()*

< !,0 1'$ )6'50$) #: ' 5#%)$ :#+ &"#+!9+'4/) %)0)4%)4! %'!'  & ' &0)1 '$ 1'&) #: !") <=J;<@0(%(KE9

5#%)$( 3" 1"  & '4 '--+)* '! #4 :#+ <.!#9=)/+)&& *) J4!)/+'!)% ;#* 4/ <*)+'/)7 <&  4% 1'!)%

-, !") 4'5)  ! 1#4& &!& #: '4 <=90'+! #: #+%)+ p '& 3)$$ '& '4 ;<90'+! #: #+%)+ q7

 !"#$%$&# '('( ? +)',!%% (Xt)t∈Z &% ,$..!/ ?@AB?1+9/9C5;+)',!%% &:

Xt = φ−1(B)θ(B)(1−B)−dZt,

60!)! (Zt)t∈Z &% $ D0&"! 2'&%! %!)&!% $(/ d &% $( &("!=!)- E0! +'.*('8&$.%

φ(z) = 1− φ1z − . . .− φpz
p

AP



 !"! #$%&'()*

θ(z) = 1 + θ1z + . . .+ θqz
q

 !"# $% &%''%$ (#)%* !$+ φ  !* $% )%%,* %$ , # -$., &.)&/#0 1 # %2#)!,%) B .* , # *%3&!//#+

4!&5* .6, 72#)!,%) +#8$#+ 9: BZt = Zt−10

 !" #$%$&"'"% d () '!" (*'"+%$'(,* #$%$&"'"%- .' +(/") '!" '(&") ,0 1(2"%"*'($'(,* *""1"1 ',
,3'$(* $ )'$'(,*$%4 '(&" )"%(")-

5 )'$'(,*$%4 56.758)"%(")9 '!$' () d = 09 () )'%,*+:4 &(;(*+-

<,&" ,0 '!" =(1":4 >)"1 &,1":) =!"* ?,*)(1"%(*+ *"$% "#,?! 1"#"*1"*' #%,?"))") $%" @56AB8

#%,?"))") C@"*"%$:(D"1 5>',%"+%"))(/" A,*1('(,*$: B"'"%,)?"1$)'(?('4E CF,::"%):"/ CGHIJEE9 $ +"*8

"%$:()$'(,* ,0 56AB8#%,?"))")-  !"4 $%" $ ?,&&,* &,1": 0,% /,:$'(:('4 ?:>)'"%(*+ (* K*$*?($:

1$'$ $*1 $%" $:), >)"1 0,% ";$&#:" (* !41%,:,+4 CL$*+ "' $:- CMNGMEE-

 !"#$%$&# '()( ; 2)%&#** (Xt)t∈Z .* &!//#+ <;=>?@2ABC32)%&#**A .6

Xt = σtZt,

D #)# σ2
t .* , # 2%*.,."# &%$+.,.%$!/ "!).!$&# E."#$ 9:

σ2
t = α0 + α1Z

2
t−1 + . . .+ αpZ

2
t−p + β1σ

2
t−1 + . . .+ βqσ

2
t−q,

D #)# α0, . . . , αp, β1, . . . , βq ∈ R !)# $%$3$#E!,."# D., αp 6= 0 !$+ βq 6= 0 !$+ (Zt)t∈Z .* !$ .0.0+0

*#B-#$&# D., '#!$ (#)% !$+ "!).!$&# #B-!/ ,% %$#0

B$*)"* CGHHGE %":$;") '!" $))>&#'(,*) ,* (Zt)t∈Z9 )>?! '!$' (Zt)t∈Z ?$* 3" $))>&"1 ', 3" α8

&(;(*+- B" )!,="1 '!"* '!$' (0

(

E[(β1 + α1(
Xt
σt
)2)r|Ft−1]

)1/5
≤ c < 1 $-)- 0,% $:: t9 $ @56ABCG9GE8

#%,?")) Xt () Lr8OPQ ,* '!" α8&(;(*+ #%,?")) Zt =('! $##%,;(&$'(,* ?,*)'$*') al = cl2α0c/(1−
c) $*1 Ft = σ(. . . , Zt)-
5* ";'"*)(,* ,0 '!" @56AB8&,1": () '!" ";#,*"*'($: @56AB CP@56ABE &,1": #%,#,)"1 34

O":),* CGHHGE-

 !"#$%$&# '(*( 1 # 2)%&#** (Xt)t∈Z .* &!//#+ F<;=>?@2ABC32)%&#** %$ , # *#B-#$&# (Zt)t∈ZA .6

Xt = σtZt,

D #)# σ2
t .* , # 2%*.,."# &%$+.,.%$!/ "!).!$&# E."#$ 9:

log(σ2
t ) = α0 + α1f(Zt−1) + . . .+ αpf(Zt−p) + β1 log(σ

2
t−1) + . . .+ βq log(σ

2
t−q),

D #)# α0, . . . , αp, β1, . . . , βq ∈ R D., αp 6= 0 !$+ βq 6= 0 !$+ f .* ! '#!*-)!9/# 6-$&,.%$ D .& 

.* /.$#!) .$ Z !$+ E."#$ 9:

f(Zt) = θZt + λ(|Zt| − E|Zt|)

D., 2!)!'#,#)* θ, λ ∈ R0

 !" '"%& λ(|Zt| −E|Zt|) 1"'"%&(*") '!" )(D" "2"?' =!"%"$) θZt 1"'"%&(*") '!" )(+* "2"?' ,0 '!"

)!,?R) ,* /,:$'(:('4- .' ?$* 3" )""* '!$' E(f(Zt)) = 0-
S*" ,0 '!" $1/$*'$+") ,0 P@56AB8#%,?"))") () '!$' '!"4 1, *,' !$/" '!" *,*8*"+$'(/('4 %"8

)'%(?'(,* ,0 '!" @56AB8#%,?"))")- L" )!,= '!$' >*1"% )(&(:$% $))>&#'(,*) $) 0,% '!" @56AB8

#%,?")) $* P@56AB8#%,?")) () *"$% "#,?! 1"#"*1"*'-
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 ! "#$%&'() #* +,#-(./0$1& 2&'&$3&$%&

 !"#$"% &'('  !" σ1 #! #$%&'!' (&'
∑q

i=1 |βi| < 1) *$+!$,!+- (..%/! "0("

sup
t∈Z

E|Zt| < ∞.  !"#$

10!& "0! 23456789-:;<9+$=!.. $& "0! .!:%!&=! (Zt)t∈Z >?,!& #@ Xt = σtZt ?. &!(+ !9$=0

'!9!&'!&")

)"%*$+ &'(' #" %&' ())*+,-./0  !"#$ .0 %&'/1'+ !"# .) (0 (0(2/3*' -/ -&' 4/05.-./0 /6

7(0)'0  #88#$ 6/1 9:;<7=,1/4'))') -/ -&' >9:;<7=4()' ?.-& (1@.-1(1A B(2*') p (05 q"

C&'-&'1 -&.) 4/05.-./0 .) 6*2D22'5 5','05) /0 -&' 'E.)-.03 +/+'0-) /6 Zi" F/1 'E(+,2'G .6

(Zt)t∈Z .) ( C&.-' H/.)' ,1/4')) ?.-& B(1.(04' σ  -&(- .) E|Zt| ≤ σ = 1$G -&' 4/05.-./0 .)

6*2D22'5"

I" %&' @/*05'50')) /6 -&' 4/05.-./0(2 B(1.(04' σ1 .) ( 4/++/0 ())*+,-./0 6/1 9:;<7=

,1/4'))')  )'' 7(0)'0  #88#$G J'' (05 7(0)'0  #88K$$" L- 1')*2-) 61/+ -&' +/+'0- 4/0=

5.-./0 /0 σG E|σ1|1+δ < ∞G ?&.4& .) 0''5'5 .0 -&' 6/22/?.03 ,1//6G (05 -&' J.,)4&.-M=

4/05.-./0"

A+$$B)  %&'/1'+ !"#$

N).03 (0 .-'1(-.B' 'E,1'))./0 /6 -&' -'1+ log(σ2
t ) ?' /@-(.0

log(σ2
t ) =

n∑

j=1

∑

k1,...,kq∈N0,
k1+...+kq=j−1

(
j − 1

k1, . . . , kq

)

βk1
1 · . . . · βkq

q

(

α0 +

p
∑

k=1

αkf
(

Zt−k−(
∑q

i=1 iki)

)
)

+
∑

k1,...,kq∈N0,
k1+...+kq=n

(
n

k1, . . . , kq

)

βk1
1 · . . . · βkq

q log
(

σ2
t−(

∑q
i=1 iki)

)

.

H/?G 4/0).5'1.03 -&' 2.+.- 6/1 n → ∞G .- .)

log(σ2
t )

= lim
n→∞

n∑

j=1

∑

k1,...,kq∈N0,
k1+...+kq=j−1

(
j − 1

k1, . . . , kq

)

βk1
1 · . . . · βkq

q

(

α0 +

p
∑

k=1

αkf
(

Zt−k−(
∑q

i=1 iki)

)
)

+ lim
n→∞

∑

k1,...,kq∈N0,
k1+...+kq=n

(
n

k1, ..., kq

)

βk1
1 · . . . · βkq

q log
(

σ2
t−(

∑q
i=1 iki)

)

.

C' ?(0- -/ )&/? -&(- -&' D1)- -'1+ /6 -&' )*+ 4/0B'13') (")" %&.) .) 3(.0'5 @A -&' ())*+,-./0)

sup
t

E|Zt| < ∞ (05 |∑q
i=1 βi| < 1 (05 -&' 2.0'(1.-A /6 -&' 6*04-./0 f " C.-& -&' O*2-.0/+.(2

%&'/1'+ (05 -&' 4/0B'13'04' /6 -&' 3'/+'-1.4 )'1.') ?' 4(0 (,,2A -&' +/0/-/0' 4/0B'13'04'

-&'/1'+ -/ /@-(.0 -&' 4/0B'13'04' /6 -&' )'1.')  )'' 6/1 'E(+,2' P1/,/).-./0 !"#"# /6 Q1/4R?'22

(05 S(B.)  ITTU$$"

F/1 -&' )'4/05 -'1+ ?' )&/? -&(- .- 4/0B'13') -/ M'1/ (")"G -&(- .)

lim
n→∞

∑

k1,...,kq∈N0,
k1+...+kq=n

(
n

k1, . . . , kq

)

βk1
1 · . . . · βkq

q log
(

σ2
t−(

∑q
i=1 iki)

)

= 0 6/1 (22 t ∈ Z (")"
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 ! "#$%& '() *"+'$%,-$.+ /(),0)- 1) (.2)

lim
n→∞

∑

k1,...,kq∈N0,
k1+...+kq=n

(
n

k1, . . . , kq

)

βk1
1 · . . . · βkq

q log
(

σ2
t−(

∑q
i=1 iki)

)

≤ sup
k1,...,kq

log
(

σ2
t−(

∑q
i=1 iki)

)

lim
n→∞

∑

k1,...,kq∈N0,
k1+...+kq=n

(
n

k1, . . . , kq

)

|β1|k1 · . . . · |βq|kq

= sup
k1,...,kq

log
(

σ2
t−(

∑q
i=1 iki)

)

lim
n→∞

(|β1|+ ...+ |βq|)n

.%3 '()0)4,0) '() ')0- 5,%2)0&)# .6#6 ', 7)0, $4

q
∑

i=1

|βi| < 1.

8)%5)9 1) 5.% 10$')

log(σ2
t ) =

∞∑

j=1

∑

k1,...,kq∈N0,
k1+...+kq=j−1

(
j − 1

k1, ..., kq

)

βk1
1 · ... · βkq

q

(

α0 +

p
∑

k=1

αkf
(

Zt−k−(
∑q

i=1 iki)

)
)

.

/($# $# . +$%).0 #,+"'$,% .%3 4,0 '($# 0).#,% '() :0,5)## (log(σ2
t ))t∈Z $# %).0 ):,5( 3):)%3)%'6

*,0),2)09

σt =
√

exp(log(σ2
t )) = g(log(σ2

t ))

1$'( g(x) =
√

exp(x)6 /($# 4"%5'$,% g 4"+;+# '() <$:#5($'7=5,%3$'$,% 4,0 .++ x ∈ (−∞, a]9 a ∈
R6 >) 5.% %,1 .::+! ?0,:,#$'$,% @6AA ,4  ,0,2B,2. )' .+6 C@DDAE9 1()0) 1) %))3 '(.' σ1 $#
F,"%3)36 /()0)4,0)9 '() :0,5)## σt .%3 ()%5) Xt = σtZt $# %).0 ):,5( 3):)%3)%' ,% '() :0,5)##
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)%+0"*' N0&",'% '+ )*6 ?@ABP)C &,#8 +,' &)5' %'&$*+ !#% &+%#.1*2 50J0.1 %)./#5 3)%0)-*'&6 H,'

4%##!& #! +,' !#**#80.1 +,'#%'5& )%' 103'. *)+'% #. 0. +,0& &'"+0#.6

 !"#$"% &'('  !" h : Rm → R #! $ #%&'(!( )!*'!+ ,$"-,./-'0 "1! !2"!'(!( 3$*-$"-%' 4%'(-"-%'5

6%*!%3!*7 +!" (Xn)n∈N #! L1 89: ;-"1 $<<*%2-=$"-%' 4%',"$'", (al)l∈N %' $' $#,%+&"!+/ *!0&+$*

<*%4!,, (Zn)n∈Z ;-"1 =-2-'0 4%!>4-!'", (β(l))l∈N5  !" $+,% $ δ > 1 !2-,"7 ,&41 "1$" β(l) = O
(
l−δ
)

$'( al = O
(
l−δ−2

)
5 ?1!' ;! 1$3!

√
n(Un − θ)

D−→ N(0,m2σ2)

;-"1 σ2 = @$*(h1(X1)) + 2
∑∞

j=1A%3(h1(X1), h1(X1+j))5

B. σ = 07 "1!' "1! ,"$"!=!'" -, =!$'" $, 4%'3!*0!'4! "% 05

Q*+,#$1, #$% !#"$& 0. +,0& +,'&0& 0& #. ) -#$./'/ >'%.'* h #! +,' U :&+)+0&+0"( 8' )*&# 8).+ +# &+)+'
+,' F'.+%)* G050+ H,'#%'5 !#% U :&+)+0&+0"& 80+, $.-#$./'/ >'%.'*6 Q1)0.( 8' E./ ). ).)*#1#$&
%'&$*+ !#% >'%.'*& #! /05'.&0#. 2 0. ='./*'% ?@ABB)C6 H,' 4%##! #! +,0& +,'#%'5 +,'. !#**#8& 0.

+,' &)5' 8)2 )& !#% -#$./'/ >'%.'*&( &054*2 0.+'%",).10.1 +,' )44*0'/ *'55)+)6

 !"#$"% &')'  !" h : Rm → R #! $ )!*'!+ ;-"1 &'-.%*= (2+ γ)C=%=!'",7 γ > 07 ,$"-,./-'0 "1!
!2"!'(!( 3$*-$"-%' 4%'(-"-%'5 6%*!%3!*7 +!" (Xn)n∈N #! L1 89: ;-"1 $<<*%2-=$"-%' 4%',"$'",

(al)l∈N %' $' $#,%+&"!+/ *!0&+$* <*%4!,, (Zn)n∈Z ;-"1 =-2-'0 4%!>4-!'", (β(l))l∈N5  !" $+,% $

δ > 2+γ
γ !2-,"7 ,&41 "1$" β(l) = O

(
l−δ
)
$'( al = O

(
l−2δ−1

)
5 ?1!' ;! 1$3!

√
n(Un − θ)

D−→ N(0,m2σ2)

;-"1 σ2 = @$*(h1(X1)) + 2
∑∞

j=1A%3(h1(X1), h1(X1+j))5

B. σ = 07 "1!' "1! ,"$"!=!'" -, =!$'" $, 4%'3!*0!'4! "% 05

R. 1'.'%)*( 0! +,' /0&+%0-$+0#. #! +,' (Xn)n∈N 0& .#+ &4'"0E'/( +,' *#.1:%$. 3)%0)."' σ2
0. H,'#%'5

S6B 0& $.>.#8.6 H,'%'!#%'( !#% )44*0")+0#.& ). '&+05)+#% #! σ2
0& .''/'/6 N#% -03)%0)+' U :&+)+0&+0"&

#% U :4%#"'&&'& T#1'* )./ ='./*'% ?@ABUC )./ <',*0.1 '+ )*6 ?@ABPC 103' "#.&0&+'.+ '&+05)+#%& -2
$&0.1 ). '540%0")* 3'%&0#. #! +,' E%&+ V#'W/0.1 >'%.'* )./ ) 8'01,+ !$."+0#.6 7'3'%+,'*'&&( !#%

+,' 5$*+03)%0)+' ")&' &$", ) %'&$*+ 0& .#+ >.#8.6 H,' 5$*+03)%0)+' 'J+'.&0#. +# +,0& '&+05)+#% 0&

σ̂2 =
n−1∑

r=−(n−1)

κ

( |r|
bn

)

ρ̂(|r|),

8,'%' κ 0& +,' 8'01,+ !$."+0#. )./ bn 0& +,' -)./80/+,6

ρ̂(r) =
1

n

n−r∑

i=1

ĥ1(Xi)ĥ1(Xi+r)

@P



 !"! U #$%&%'$%'($

 ! "#$ $%& ' ()* (+,)' )-($ .+' *)/ r0 1! -/ "#$ $%& ' ()* ,$'! +- +. "#$ 2'!" 3+$45 -/ 6$'-$*

ĥ1(x) =
1

nm−1

∑

1≤i1<...<im−1≤n

h(x,Xi1 , . . . , Xim−1)−
1

nm

∑

1≤i1<...<im<n

h(Xi1 , . . . , Xim).

7! 8$#* -/ $" )*9 :;<=>? #),$ )*'$)5@ !#+A- A$ -$$5 !+%$ '$/1*)' "@ (+-5 " +-! .+' κ )-5

bn "+ )(# $,$ (+-! !"$-(@ +. "#$ $!" %)"+'9 B#$!$ (+-5 " +-! )'$ ! % *)' "+ "#$ )!!1%&" +-

%)5$  - 5$ C+-/ )-5 8), 5!+- :;<<<? )-5 )'$ .1*2**$50 .+' $D)%&*$0 E@ "#$ F)'"*$"" 6$'-$*

κ(t) = (1− |t|)1[|t|≤1]9

 !!"#$%&'( )*+*  !" #$%&'()% κ : [0,∞) → [0, 1) (* &)%'(%$)$* +' , +%- +.. /$' + 0%('" %$1/"2
)# 3)(%'*4 5)2")6"27 |κ| (* -)1(%+'"- /8 + %)%9(%&2"+*(%:7 (%'":2+/." #$%&'()% +%-

∫ ∞

0

∣
∣
∣

∫ ∞

0
κ(t) cos(xt)dt

∣
∣
∣dx < ∞.

 !" /+%-;(-'! bn *+'(*0"* bn → ∞ +* n → ∞ +%- bn/
√
n → 04

G "# "#$!$ (+-! 5$')" +-! A$ )'$ )E*$ "+ !#+A "#)" σ̂2
 ! ) (+-! !"$-" $!" %)"+' .+' "#$ *+-/H'1-

,)' )-($9

,-.'/.# )*0* <"' h : Rm → R /" + /)$%-"- ="2%". *+'(*#8(%: '!" ">'"%-"- 6+2(+'()% &)%-('()%4

5)2")6"27 ."' (Xn)n∈N /" ?@A ;('! +332)>(1+'()% &)%*'+%'* (al)l∈N )% +% +/*).$'".8 2":$.+2

32)&"** (Zn)n∈Z ;('! 1(>(%: &)"B&("%'* (β(l))l∈N +%- ."' + δ > 11 ">(*'7 *$&! '!+'
∑∞

l=1 lβ
2/(2+δ)(l) < ∞ +%- al = O

(
l−δ−3

)
4  !" ;"(:!' #$%&'()% κ +%- '!" /+%-;(-'! bn *!+..

#$.0. C**$13'()% D4E4  !"%

σ̂2 p→ σ2
#)2 n → ∞,

;!"2" σ2 = F+2(h1(X1)) + 2
∑∞

j=1G)6(h1(X1), h1(X1+j))4

I+%$ '$!1*"! -$$5$5 .+' "#$ &'++.! )'$ !")"$5  - "#$ .+**+A -/ !$(" +-9

 !"#$%$&'!( !")*#+)

J+' "#$ &'++.! +. "#$ %) - "#$+'$%! !+%$ *$%%)") )'$ -$$5$59 B#$ .+**+A -/ '$!1*"! )'$ ! % *)'

"+ "#$ ()!$ +. !"'+-/ % D -/ :J !(#$' :;<=K? )-5 J !(#$' $" )*9 :;<=>)?? E1" ! -($ "#$ &'++.! -$$5

5 4$'$-" )'/1%$-"!  - !+%$ ()!$! A$ !")"$ "#$ &'++.! .+' "#$ !)6$ +. (+%&*$"$-$!!9

B#$ 2'!" *$%%)  ! )-)*+/+1! "+ L$%%) M9;  - J !(#$' $" )*9 :;<=>)? )-5 )- $D"$-! +- +. L$%%)

K9;9M  - G$-5*$' :;<==)?9

1.##2 )*3* <"' (Xn)n∈N /" ?@A ;('! +332)>(1+'()% &)%*'+%'* (al)l∈N )% +% +/*).$'".8 2":$.+2
32)&"** (Zn)n∈Z ;('! 1(>(%: &)"B&("%'* (β(l))n∈N4 5)2")6"27 ."' /" AL =

√

2
∑∞

i=L ai +%- ."'
'!" ="2%". h /" /)$%-"- +%- *+'(*#8 '!" ">'"%-"- 6+2(+'()% &)%-('()%4  !"% '!"2" ">(*'* #)2 +..
2 ≤ k ≤ m + &)%*'+%' C7 *$&! '!+' #)2 r = max

{
i(2) − i(1), i(2k) − i(2k−1)

}
;('! i(1) ≤ . . . ≤ i(2k)

#)..);*

∣
∣E
(
hk(Xi1 , . . . , Xik)hk(Xik+1

, . . . , Xi2k)
)∣
∣ ≤ C

(

β
([r

3

])

+A[ r3 ]

)

.

H2))#4

L 6$ J !(#$' $" )*9 :;<=>)? .+' ! %&* ( "@ A$ +-*@ (+-! 5$' "#$ ()!$ i1 < . . . < i2k )-5 r = i2−i1 ≥
i2k − i2k−19 N! -/ O+'+**)'@ ;9=P +. F+'+,6+,) $" )*9 :;<<=? "#$'$ $D !" !$Q1$-($! (X ′

n)n∈N )-5

(X ′′
n)n∈N A "# "#$ &'+&$'" $!

;P



 ! U "#$%$&#$&'#( U ")*+',##,# %-. U "/0%-$&1,#

 ! (X ′
n)n∈N" (X

′′
n)n∈N #$%& '#& ($)& *+(',+-.'+/0 $( (Xn)n∈N

1! (X ′′
n)n∈N +( +0*&2&0*&0' /3 (Xn)n∈N

4! P

(
∑∞

i=r |Xi −X ′
i| > A[ r3 ]

)

≤ A[ r3 ]
+ β

([
r
3

])

5! P

(
∑∞

i=0

∣
∣X ′

−i −X ′′
−i

∣
∣ > A[ r3 ]

)

≤ A[ r3 ]
.

6&7$.(& hk +( *&8&0&,$'&* +' 3/99/:( '#$' E(hk(X
′′
i1
, Xi2 , . . . , Xik)hk(Xik+1

, . . . , Xi2k)) = 0 $0*

$**+'+/0$99;

E(hk(Xi1 , Xi2 , . . . , Xik)hk(Xik+1
, . . . , Xi2k)) = E(hk(X

′
i1 , . . . , X

′
ik
)hk(X

′
ik+1

, . . . , X ′
i2k

)).

</ :& 8&' -; '#& ',+$08.9$, +0&=.$9+';

∣
∣E(hk(Xi1 , Xi2 , . . . , Xik)hk(Xik+1

, . . . , Xi2k))
∣
∣

=
∣
∣
∣E(hk(X

′
i1 , . . . , X

′
ik
)hk(X

′
ik+1

, . . . , X ′
i2k

))− E(hk(X
′′
i1 , Xi2 , . . . , Xik)hk(Xik+1

, . . . , Xi2k))
∣
∣
∣

≤
∣
∣
∣E(hk(X

′′
i1 , Xi2 , . . . , Xik)hk(X

′
ik+1

, . . . , X ′
i2k

)− hk(X
′′
i1 , Xi2 , . . . , Xik)hk(Xik+1

, . . . , Xi2k))
∣
∣
∣

>5! ?

+
∣
∣
∣E(hk(X

′
i1 , . . . , X

′
ik
)hk(X

′
ik+1

, . . . , X ′
i2k

)− hk(X
′′
i1 , Xi2 , . . . , Xik)hk(X

′
ik+1

, . . . , X ′
i2k

))
∣
∣
∣ . >5!1?

6&7$.(& h +( -/.0*&* $0* ($'+(@&( '#& &A'&0*&* %$,+$'+/0 7/0*+'+/0 '#+( $9(/ #/9*( 3/, hk :+'#

-/.0*&*0&(( 7/0('$0' M $0* %$,+$'+/0 7/0('$0' L" :#$' :& :+99 .'+9+B& +0 '#& 3/99/:+08" :#&,&"

+0 7/0',$(' '/ C+(7#&, >1D 4?" $0 +0&=.$9+'; 3/, -/'# '#& EFG $0* '#& )+A+08 7/&H7+&0'( +(

0&&*&*!

(4.2) =
∣
∣
∣E((hk(X

′
i1 , . . . , X

′
ik
)− hk(X

′′
i1 , Xi2 , . . . , Xik))hk(X

′
ik+1

, . . . , X ′
i2k

)
︸ ︷︷ ︸

≤M

)
∣
∣
∣

≤ M

[ ∣
∣
∣
∣
E

(

(hk(X
′′
i1 , Xi2 , . . . , Xik)− hk(X

′
i1 , . . . , X

′
ik
)) [∣

∣

∣
X′′

i1
−X′

i1

∣

∣

∣
≤A[ r3 ]

,...,
∣

∣

∣
Xik

−X′
ik

∣

∣

∣
≤A[ r3 ]

]

)∣
∣
∣
∣

+
∣
∣
∣E

(

(hk(X
′′
i1 , Xi2 , . . . , Xik)− hk(X

′
i1 , . . . , X

′
ik
))

︸ ︷︷ ︸

≤2M

 

[∣

∣

∣
X′′

i1
−X′

i1

∣

∣

∣
≤A[ r3 ]

,...,
∣

∣

∣
Xik

−X′
ik

∣

∣

∣
≤A[ r3 ]

]C

)∣
∣
∣

]

≤ ML
√
kA[ r3 ]

+M2MP

(∣
∣X ′′

i1 −X ′
i1

∣
∣ > A[ r3 ]

)

+ . . .+M2MP

(∣
∣Xik −X ′

ik

∣
∣ > A[ r3 ]

)

≤ ML
√
kA[ r3 ]

+ 2kM2A[ r3 ]
+ 2(k − 1)M2β

([
r
3

])

≤ ML
√
kA[ r3 ]

+ 2kM2A[ r3 ]
+ 2(k − 1)M2β

([
r
3

])
+ 2M2β

([
r
3

])
+ML

√
kβ
([

r
3

])

≤
(

2kM2 +ML
√
k
)(

A[ r3 ]
+ β

([
r
3

]))

,

:#&,& :& .(&* 2,/2&,'+&( 4! $0* 5! 3,/) $-/%& $0* β(l) ≥ 0!

C/, '#& (&7/0* '&,) >5! ? :& .(& (+)+9$, $,8.)&0'( 3/, 8&''+08 '#& ($)& ,&(.9'!

(4.1) ≤
∣
∣
∣E((gk(X

′
ik+1

, . . . , X ′
i2k

)− gk(Xik+1
, . . . , Xi2k))gk(X

′′
i1 , Xi2 . . . , Xik))

∣
∣
∣

1I



 !"! U #$%&%'$%'($

≤ M

[∣
∣
∣
∣
∣
E

(

(gk(X
′
ik+1

, . . . , X ′
i2k

)− gk(Xik+1
, . . . , Xi2k))

·  [∣
∣

∣
X′

ik+1
−Xik+1

∣

∣

∣
≤A[ r3 ]

,...,
∣

∣

∣
X′

i2k
−Xi2k

∣

∣

∣
≤A[ r3 ]

]

)∣
∣
∣
∣
∣

+

∣
∣
∣
∣
∣
E

(

(gk(X
′
ik+1

, . . . , X ′
i2k

)− gk(Xik+1
, . . . , Xi2k))

·  [∣
∣

∣
X′

ik+1
−Xik+1

∣

∣

∣
≤A[ r3 ]

,...,
∣

∣

∣
X′

i2k
−Xi2k

∣

∣

∣
≤A[ r3 ]

]C

)∣
∣
∣
∣
∣

]

≤ ML
√
kA[ r3 ]

+M2Mk
(

A[ r3 ]
+ β

([
r
3

]))

≤
(

2kM2 +ML
√
k
)(

A[ r3 ]
+ β

([
r
3

]))

.

 !!"#$%&' (" ()*(+ %( %,

(4.1) + (4.2) ≤ C
(

A[ r3 ]
+ β

([
r
3

]))

.

-). /"00"1%&' 2.33* '.&.#*0%,., * #.,40( /#"3 5%,!).# 6789:; 6,.. *0," 5%,!).# .( *0< 6789=*;;

(" &.*# .>"!) $.>.&$.&( >#"!.,,., *, 1.00 *, *#?%(#*#@ !"&,(*&(, (ci,j)i,j∈N< -)%, .A(.&,%"& %,
&..$.$ 0*(.# "& (" ,)"1 (). !"&,%,(.&!@ "/ (). .,(%3*("# σ̂2

<

 !""# $%&%  !" "#! $!%&!' h (! ()*&+!+ ,&+ -,".-/0 "#! !1"!&+!+ 2,%.,".)& 3)&+.".)&4 5)%!6

)2!%7 '!" (Xn)n∈N (! 89: ;."# ,<<%)1.=,".)& 3)&-",&"- (al)l∈N )& ,& ,(-)'*"!'0 %!>*',% <%)3!--

(Zn)n∈Z ;."# =.1.&> 3)!?3.!&"- (β(l))l∈N ,&+
∑n

l=0 l (β(l) +Al) = O (nγ) ;."# Al =
√

2
∑∞

i=l ai
/)% , γ < 14 @#!& /)% ,'' 2 ≤ k ≤ m ,&+ ,&0 3)&-",&"- (ci,j)i,j∈N

n∑

i1,...,i2k=1

∣
∣E(hk(Xi1 , . . . , Xik)hk(Xik+1

, . . . , Xi2k))ci1,ik+1

∣
∣

= max
i1,ik+1∈{1,...,n}

|ci1,ik+1
|O(n2k−2+γ).

-)%, 2.33* %, *&*0"'"4, (" 2.33* B<: %& 5%,!).# .( *0< 6789=*; *&$ !*& ?. >#"C.$ ,%3%0*#0@<

A%))/4

 '*%& ,.( {i1, . . . , i2k} = {i(1), . . . , i(2k)} 1%() i(1) ≤ . . . ≤ i(2k)< D. !*& #.1#%(. (). *?"C. ,43
*,

n∑

i1,...,i2k=1

∣
∣E(hk(Xi1 , . . . , Xik)hk(Xik+1

, . . . , Xi2k))ci1,ik+1

∣
∣

≤ max
i1,ik+1∈{1,...,n}

|ci1,ik+1
|

n∑

i1,...,i2k=1

∣
∣E(hk(Xi1 , . . . , Xik)hk(Xik+1

, . . . , Xi2k))
∣
∣

= max
i1,ik+1∈{1,...,n}

|ci1,ik+1
|

·
n∑

l=0

n∑

i1,...,i2k=1

max{i(2)−i(1),i(2k)−i(2k−1)}=l

∣
∣E(hk(Xi1 , . . . , Xik)hk(Xik+1

, . . . , Xi2k))
∣
∣

7E



 ! U "#$%$&#$&'#( U ")*+',##,# %-. U "/0%-$&1,#

≤ max
i1,ik+1∈{1,...,n}

|ci1,ik+1
|C

n∑

l=0

∑

i1,...,i2k
max{i(2)−i(1),i(2k)−i(2k−1)}=l

(

β

([
l

3

])

+A[ l3 ]

)

,

 ! "##$%&"'%() (* +,--" ./0/

1(2 2, 2")' '( 3%-#$%*! '4, ,5#6,33%()  ! &"$&7$"'%)8 '4, 97")'%'! (* (i1, . . . , i2k) 24,6,max{i(2)−
i(1), i(2k) − i(2k−1)} = l/ :3%)8 &(- %)"'(6%"$ "687-,)'3 2, &") 3,, '4"' '4,6, ,5%3' (2k)! #(33%;
 %$%'%,3 '( ( '"%) '4, 3"-, 3,97,)&, i(1), . . . , i(2k)/ <, )(2 =5 i(1) ")> i(2k)? 4"@%)8 n2

#(33% %$;

%'%,3 *(6 '4%3/ A"@%)8 %) -%)> '4"' max{i(2) − i(1), i(2k) − i(2k−1)} = l ")> 37##(3, i(2) − i(1) =
max{i(2)−i(1), i(2k)−i(2k−1)} = l '4,) i(2) %3 "7'(-"'%&"$$! >,',6-%),>  ! '4, &4(%&, (* i(1)/ B4,)?
i(2k−1) &") ()$! '"C, l >%3'%)&' @"$7,3/ D7##(3%)8 i(2k)−i(2k−1) = max{i(2)−i(1), i(2k)−i(2k−1)} = l
'4, 3"-, %3 @"$%>/ E$$ 6,-"%)%)8 @"$7,3 (* '4, k;'7#$, "6, "6 %'6"6!/ B4,6,*(6,? '4, 97")'%'! (*

'4, ',6-3 ,97"$3 (2k)! · n2ln2k−4 = l · (2k)! · n2k−2
")>

n∑

i1,...,i2k=1

∣
∣E(hk(Xi1 , . . . , Xik)hk(Xik+1

, . . . , Xi2k))ci1,ik+1

∣
∣

≤ max
i1,ik+1∈{1,...,n}

|ci1,ik+1
|C ′n2k−2

n∑

l=0

l

(

β

([
l

3

])

+A[ l3 ]

)

= max
i1,ik+1∈{1,...,n}

|ci1,ik+1
|O(n2k−2+γ).

B4,3, 6,37$'3 3,6@, "3  "3%3 *(6 #6(@%)8 '4, -"%) '4,(6,-3/

 !""#$ "# %&' ()*+ !'$,-%$

F) '4%3 3,8-,)' 2, 2%$$ "33,- $, '4, 6,37$'3 3( *"6 '( '4, -"%) #6((*3/

 !""# "# $%&"!&' ()*)

B4, #6((* -"C,3 73, (* '4, A(,G>%)8 >,&(-#(3%'%() HI,*/ ./0J

√
n(Un − θ) =

√
n

m∑

j=1

(
m

j

)
1
(
n
j

)Sjn.
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I2k+1 = E

∣
∣
∣
∣
∣

n−1∑

r=−(n−1)

κ

( |r|
bn

)
1

n

n−|r|
∑

j=1

m− (k + 1)

nk+1

∑

1≤i1<...<ik+1≤n

hk+1(Xi1 , . . . , Xik+1
)h1(Xj+|r|)

∣
∣
∣
∣
∣

JL



 !"! U #$%&'())()

≤

∥
∥
∥
∥
∥
∥

m− (k + 1)

nk+1

∑

1≤i1<...<ik+1≤n

hk+1(Xi1 , . . . , Xik+1
)

∥
∥
∥
∥
∥
∥
2

∥
∥
∥
∥
∥
∥

1

n

n−|r|
∑

j=1

h1(Xj+|r|)
n∑

j1=1

κ

( |j − j1|
bn

)
∥
∥
∥
∥
∥
∥
2

≤ C
1

nk+1

(

n2(k+1)−γ
) 1

2 bn√
n

= C
nk+γ/2

nk+1
o(1) −→ 0,

 !"#"  " $%"& '!" ()*&"# +,"-$.*+'/0 '!" 12$,&"&,"%% 23 hk+10 4"55. 678 .,& 9%%$5:'+2, 67;

.% 1"32#"7

<!" =2,>"#?",=" 23 '!" #"5.+,+,? '"#5% I2m0 I2k .,& I2k+1 32# k = m + 1, . . . , 2m − 1 =., 1"
%!2 , .,.*2?2$%*/ .,& +% '!"#"32#" 25+''"&7

9 ?","#.*+%.'+2, 23 U @%'.'+%'+=% .#" U @:#2="%%"%7 <!"/ .#" +,'#2&$="& +, '!" 32**2 +,? %"='+2,7

 !"! U#$%&'())()

A3 '!" B"#,"* h 23 . U @%'.'+%'+= %!2$*& ,2 *2,?"# 1" . CD"& 3$,='+2, 1$' %!2$*& !.>" >.#+.1*"
.#?$5",'%0 '!" "D'",%+2, 3#25 U @%'.'+%'+=% '2 U @:#2="%%"% +% ,"="%%.#/7

 !"#$%$&# '()(  !" h : Rm+1 → R #! $ %!$&'($#)! $*+ #,'*+!+ -'*."/,*0 &1%%!"(/. /* "2!

3(&" m $(4'%!*"& $*+ *,*5+!.(!$&/*4 /* "2! )$&" ,*!6 7'88,&! "2$" -,( $)) x1, . . . , xm ∈ R

9! 2$:! lim
t→∞

h(x1, . . . , xm, t) = 1, lim
t→−∞

h(x1, . . . , xm, t) = 0. ;! .$)) "2! 8(,.!&& (Un(t))t∈R0

92/.2 /& &/%8)1 $ U 5&"$"/&"/. 9/"2 $* $++/"/,*$)0 :$(1/*4 $(4'%!*" /* "2! <!(*!)0 !%8/(/.$) U 5
+/&"(/#'"/,* -'*."/,*6 =& U 5+/&"(/#'"/,* -'*."/,* 9! +!3*! U(t) := E (h(Y1, . . . , Ym, t)) -,( /*+!5
8!*+!*" .,8/!& Y1, . . . , Ym ,- X16 >2!* "2! !%8/(/.$) 8(,.!&& /& +!3*!+ $&

(
√
n(Un(t)− U(t)))t∈R.

*!+,-. '(/( E+'!2$' #"%'#+='+2,  " =., =!22%" '!" %:.=" 23 '!" :.#.5"'"# t .% '!" =25:.='
+,'"#>.* [0, 1]0 %+,=" . '#.,%32#5.'+2, 32# "D.5:*" >+. '!" &+%'#+1$'+2, 3$,='+2, &2"% ,2' +,F$",="
'!" &":",&",=" %'#$='$#" .% +' +% 4+:%=!+'G0 52,2'2," "'=7

E"  +** 5.+,*/ =2,%+&"# '!" 3$,='+2, Hn 23 '!" "5:+#+=.* U @:#2="%% +, '!" 32**2 +,?0  !"#" Un(t)
!.% '!" B"#,"*

g(x1, . . . , xm, t) =  [h(x1,...,xm)≤t]7 <!"#"32#"0

U(t) = E
(
 [h(Y1,...,Ym)≤t]

)
= P(h(Y1, . . . , Ym) ≤ t) = HF (t)

.,& %+,=" HF !.% &",%+'/ hF < ∞  " !.>" '!.' HF +% 4+:%=!+'G@=2,'+,$2$%7

H2# U @:#2="%%"% '!" (2"I&+,? &"=25:2%+'+2, +% ,""&"&0 '227 A, '!+% =.%"0 .&&+'+2,.**/ '!" :.@
#.5"'"# t !.% '2 1" =2,%+&"#"& '!2$?! '!" &"C,+'+2, +% >"#/ %+5+*.# '2 '!" 2," +, '!" =.%" 23
U @%'.'+%'+=%7

8J



 ! U "#$%$&#$&'#( U ")*+',##,# %-. U "/0%-$&1,#

 !"#$%$&# '()(  !"#$%&'( %#)"*+",&-&"' ."/ U 0+/")#,,#,1

2#- Un 3# 4 U 0+/")#,, 5&-6 7#/'#8 h = h(x1, . . . , xm, t)9 :6#' "'# )4' 5/&-# Un(t) 4,

Un(t) = U(t) +

m∑

j=1

(
m

j

)
1
(
n
j

)Sjn,

56#/#

U(t) = E(h(Y1, . . . , Ym, t))

Sjn =
∑

1≤i1<...<ij≤n

hj(Xi1 , . . . , Xij , t)

h1(x1, t) = h̃1(x1, t)

h2(x1, x2, t) = h̃2(x1, x2, t)− h1(x1, t)− h1(x2, t)

h3(x1, x2, x3, t) = h̃3(x1, x2, x3, t)−
3∑

i=1

h1(xi, t)−
∑

1≤i<j≤3

h2(xi, xj , t)

. . .

hm(x1, . . . , xm, t) = h̃m(x1, . . . , xm, t)−
m∑

i=1

h1(xi, t)−
∑

1≤i1<i2≤m

h2(xi1 , xi2 , t)

− . . .−
∑

1≤i1<...<im−1≤m

hm−1(xi1 , . . . , xim−1 , t)

h̃j(x1, . . . , xj , t) = E(h(x1, . . . , xj , Yj+1, . . . , Ym, t))− U(t).

."/ &'%#+#'%#'- )"+&#, Y1, . . . , Ym ". X19

 !" #$%%$&'() *+$*$,'-'$( ,.//0+',", -&$ '/*$+-0(- *+$*"+-'", $# -!" 1"+("% $# 0 U 2*+$3",, -!0-
0+" 4"+5 !"%*#.% #$+ *+$4'() -!" 678 30," $# -!" '(40+'0(3" *+'(3'*%"9

*+&,&-$%$&# '(.( 2#- h : Rm+1 −→ R 3# -6# 7#/'#8 ". 4 U 0+/")#,,9 :6#' -6# ."88"5&'( 6"8%,;

 &1 <. ."/ 4'= /4'%"* >#)-"/ (Z1, . . . , Zm)

E|h(Z1, . . . , Zm, t)− h(Z1, . . . , Zm, s)| ≤ C|t− s|

."/ 4' 4/3&-/4/= )"',-4'- C > 0? -6#' U(t) 4'% hk(·, . . . , ·, t) 4/# 2&+,)6&-@ )"'-&'A"A, &' t

."/ #>#/= 1 ≤ k ≤ m9

 &&1 <. ."/ 4'= /4'%"* >#)-"/ (Z1, . . . , Zm)? 4'= )"',-4'-, ui ∈ R? i = 1, . . . ,m? 4'% 4'= t ∈ R

&- 6"8%, -64-

E |h(Z1, . . . , Zm, t)− h(Z1 + ui, . . . , Zm + um, t)| ≤ C
m∑

i=1

|ui|,

-6#' ."/ #>#/= 1 ≤ k ≤ m &- 6"8%, -64-

E |hk(Z1, . . . , Zk, t)− hk(Z1 + ui, . . . , Zk + uk, t)| ≤ C

k∑

i=1

|ui|.

:;



 !"! U #$%&'())()

 !""#$ %&'

 !"!"#!$ %&! '!()*%*+) U(t) = E (h(Y1, . . . , Ym, t)), -&!$!.+$!/ .+$ 0)1 s, t ∈ R

|U(t)− U(s)| = |E (h(Y1, . . . , Ym, t)− h(Y1, . . . , Ym, s)) | ≤ C|t− s|.

-&! $!"0*)*)2 3$++. *4 2*5!) 6*%& %&! *)'78%*+) 3$*)8*39!, :*$4%/ 9!% #! k = 1,

|h1(x, t)− h1(x, s)| = |E (h(x, Y2, . . . , Ym, t))− U(t)− E(h(x, Y2, . . . , Ym, s)) + U(s)|
≤ |E(h(x, Y2, . . . , Ym, t)− h(x, Y2, . . . , Ym, s))|+ C|t− s|
≤ C ′|t− s|,

6&!$! 6! 74!' %&! ;*348&*%<=8+)%*)7*%1 +. U ,
>+6 6! 8&++4! k 0$#*%$0$1 0)' 0447"! %&0% %&! $!479%4 &+9' .+$ (k − 1),

|hk(x1, . . . , xk, t)− hk(x1, . . . , xk, s)|
=
∣
∣
∣E (h(x1 . . . , xk, Yk+1, . . . , Ym, t)− h(x1 . . . , xk, Yk+1, . . . , Ym, s))

−
k∑

i=1

(h1(xi, t)− h1(xi, s))− . . .−
∑

1≤i1...,ik≤k

(hk−1(x1, . . . , xk−1, t)− hk−1(x1, . . . , xk−1, s))

− U(t) + U(s)
∣
∣
∣

≤ C|t− s|+ C1

k∑

i=1

|t− s|+ . . .+ Ck−1

∑

1≤i1,...,ik−1≤k

|t− s|+ C ′|t− s|

≤ C ′′|t− s|,

6&!$! 6! 74!' %&! 0447"!' ;*348&*%<=8+)%*)7*%1 +. hi/ i = 1, . . . , k − 1/ 0)' %&! 40"! 0$27"!)%
04 *) %&! 804! k = 1,

%&&'

?4*)2 %&! 40"! 3$*)8*39! 04 *) %&' 6! ($4% 4&+6 %&! $!479%4 .+$ k = 1,

E |h1(Z1, t)− h1(Z1 + u, t)|
= E

∣
∣
∣E (h(Z1, Y2, . . . , Ym, t))− U(t)− E(h(Z1 + u, Y2, . . . , Ym, t)) + U(t)|

≤ E|E (h(Z1, Y2, . . . , Ym, t))− E(h(Z1 + u, Y2, . . . , Ym, t))
∣
∣
∣

≤ E (E|h(Z1, Y2, . . . , Ym, t)− h(Z1 + u, Y2, . . . , Ym, t)|)
≤ E(C|u|) = C|u|.

:+$ 0$#*%$0$1 k 0)' 0447"*)2 %&0% %&! $!479% *4 509*' .+$ (k − 1) 6! &05!

E|hk(Z1, . . . , Zk, t)− hk(Z1 + u1, . . . , Zk + uk, t)|
= E

∣
∣
∣E (h(Z1, . . . , Zk, Yk+1, . . . , Ym, t)− h(Z1 − u1, . . . , Zk − uk, Yk+1, . . . , Ym, t))

−
k∑

i=1

(h1(Xi, t)− h1(Xi, t))

− . . .

@A



 ! U "#$%$&#$&'#( U ")*+',##,# %-. U "/0%-$&1,#

−
∑

1≤i1...,ik≤k

(hk−1(Zi1 , . . . , Zik−1
, t)− hk−1(Zi1 − ui1 , . . . , Zik−1

− uik , t))− U(t) + U(t)
∣
∣
∣

≤ C

k∑

i=1

|ui|+
k∑

i=1

C|ui|+ . . .+
∑

1≤i1<...<ik−1≤k

C
k−1∑

j=1

C|uij |

≤ C
k∑

i=1

|ui|

 !"#$% &'&'  !"# "$%" &' "$# (#)*#+ h &, !' "$# '!)- h(x1, . . . , xm, t) =  [h′(x1,...,xm)≤t] %*.

h′ $%, .#*,&"/ hF 0 &" '!++!1, %2"!-%"&3%++/ ')!- "$# 3!*.&"&!* &* 4)!5!,&"&!* 678  !" "$%" hF &,
9!2*.#. ,&*3#

E|h(Y1, . . . , Ym, t)− h(Y1, . . . , Ym, s)| = P
(
t ≤ h′(Y1, . . . , Ym) ≤ s

)
= |t− s| sup

x∈R
hF (x).

:$#)#'!)#0 % ,5#3&%+ 3%,# !' "$&, 4)!5!,&"&!* &,;

<#" h 9# !' "$# ,5#3&%+ '!)- h(x1 . . . , xm, t) =  [h′(x1,...,xm)≤t] %*. +#" HF 9# "$# .&,")&92"&!*

'2*3"&!* !' "$# (#)*#+ h′ 1&"$ .#*,&"/ hF 7 =' hF ;X1,...,Xk
%*. hF %)# 9!2*.#.0 "$#* hk(·, . . . , ·, t)

&, <&5,3$&"> 3!*"&*2!2, &* t '!) #?#)/ 1 ≤ k ≤ m7

@..&"&!*%++/0 "$# #A"#*.#. ?%)&%"&!* 3!*.&"&!* $%, "! 9# ")%*,'!)-#.7 B&,3$#) #" %+7 CDE8F%G

2,#. "$# #A"#*.#. 2*&'!)- ?%)&%"&!* 3!*.&"&!*0 1$&3$ $%, "$# ,%-# 5)!5#)"&#, %, "$# #A"#*.#.

?%)&%"&!* 3!*.&"&!*7

(!)*+,+-* &'.' #$ %&' h %&(!%)$% (*$ $+($,-$- .,!/012 3&1!&(!0, 40,-!(!0,5 !/ (*$ $+($,-$-

3&1!&(!0, 40,-!(!0, *06-% /01 h(x1, . . . , xm, t) 7!(* & 40,%(&,( ,0( -$8$,-!,9 0, t:

4+#%,# *!"#0 "$%" -%*/ )#,2+", H&?#* '!) "$# I!#J.&*HK(#)*#+, !' U K,"%"&,"&3,0 #7H7 <#--% 67L0
)#-%&* ?%+&. '!) "$# (#)*#+, !' % U K5)!3#,,7

 !1 1# 1%*" "! #,"%9+&,$ %* &*?%)&%*3# 5)&*3&5+# '!) "$# U K5)!3#,,7 B!) *#%) #5!3$ .#5#*.#*"
,#M2#*3#, !* %9,!+2"#+/ )#H2+%) 5)!3#,,#, &" $%, %+)#%./ 9##* ,$!1* 9/ N!)!?(!?% #" %+7 CDEE8G

%*. O#$+&*H %*. 4$&+&55 CDEEDG0 % )#,2+" '!) ,")!*H -&A&*H 3%* 9# '!2*. &* P#*.+#) CDE889G7

Q*.#) &*.#5#*.#*3# !*# 3%* R*. % ,")!*H &*?%)&%*3# 5)&*3&5+# &* O#$+&*H #" %+7 C8STUG7 I!1#?#)0

"$#,# )#,2+", !*+/ 3!*,&.#) "$# 3%,# !' % 9&?%)&%"# (#)*#+ %*. "$#)#'!)# #A3+2.# ,23$ #A%-5+#, %,

%)# H&?#* &* V#3"&!* 87 :$# )#,2+" H&?#* &* "$# *#A" "$#!)#- 3+!,#, "$&, H%57

B)!- *!1 !* !*+/ 3!*,&.#) "$# 3%,# 1$#)# Hn &, !2) #-5&)&3%+ U K5)!3#,,0 "$%" &, Un(t) $%, "$#
(#)*#+ g(x1, . . . , xm, t) =  [h(x1,...,xm)≤t]7

/0!-$!" &'&' ;$( h <$ & =$1,$6 7!(* -!%(1!<.(!0, /.,4(!0, HF &,- 1$6&($- -$,%!(' hF < ∞:

>01$03$15 6$( g1 <$ (*$ )1%( ($12 0/ (*$ ?0$@-!,9 -$40280%!(!0, 0/ Hn: ;$( (Xn)n∈N <$ ABC 7!(*

&8810+!2&(!0, 40,%(&,(% (al)l∈N 0, &, &<%06.($6' 1$9.6&1 8104$%% (Zn)n∈Z 7!(* 2!+!,9 40$D4!$,(%

(β(l))l∈N 7!(*

∑∞
l=1 l

2β
δ

2+δ (l) < ∞ /01 & 0 < δ < 1: >01$03$15 6$(

∑∞
l=1 l

2a
δ

2+2δ

l < ∞: E*$,

(

m√
n

n∑

i=1

g1(Xi, t)

)

t∈R

D−→ (W (t))t∈R ,

7*$1$ W !% & F&.%%!&, 8104$%% *&3!,9 40,(!,.0.% %&286$ 8&(*% 7!(* 810<&<!6!(' G:

6E



 !"! U #$%&'())()

 !"#$% &'('  !"# "$%" "$# &!'()")!'

∑∞
l=1 l

2
(
L
√
2Al

) δ
1+δ < ∞ !* +#$,)'- %'( .$),)// 0122134

5$#6# L )7 "$# 8%6)%")!' &!'7"%'" !* "$# 9#6'#, g(x1, . . . , xm, t) =  [h(x1,...,xm)≤t] %'(

Al =
√

2
∑∞

i=l ai4 *!,,!57 ()6#&",: *6!;
∑∞

l=1 l
2a

δ
2+2δ

l < ∞4 7)'&#

∞∑

l=1

l2
(

L
√

2Al

) δ
1+δ

=

∞∑

l=1

l2




L

√
√
√
√
√2

√
√
√
√2

∞∑

i=l

ai






δ
1+δ

≤
∞∑

l=1

l2C

( ∞∑

i=l

ai

) δ
2(1+δ)

≤
∞∑

l=1

Cl2
∞∑

i=l

a
δ

2(1+δ)

i

≤
∞∑

l=1

Cl2
∞∑

i=l

1

i2
i2a

δ
2(1+δ)

i ≤
∞∑

l=1

Cl2
1

l2

∞∑

i=l

i2a
δ

2(1+δ)

i

≤ C
∞∑

l=1

l2a
δ

2+2δ

l < ∞.

<$=74 )' "$#  >+ &%7# 5# &%' 6#(=&# "$# %77=;/")!'7 '##(#( *!6 "$# /6!!* &!;/%6#( "! "$#

7"6!'- ;)?)'- &%7# )' @)7&$#6 #" %,A 012BC%3A

<$#!6#; DAD &%' E# /6!8#( )' "$# 7%;# 5%: %7 <$#!6#; DAF !* +#$,)'- %'( .$),)// 012213 E:

&$!!7)'- gt(x) = g1(x, t) %'( G(t) = HF (t) 0/6#7#68)'- "$# /6!/#6")#7 !* "$# 7)'-,# *='&")!'73
%'( )7 "$#6#*!6# !;)""#(A

)*$*++#$, &'-'  !" (Xn)n∈N #! $%& '(") *++,-.(/*"(-0 1-02"*0"2 (al)l∈N -0 *0 *#2-34"!35

,!643*, +,-1!22 (Zn)n∈Z '(") /(.(06 1-!71(!0"2 (β(l))l∈N '(")

∑∞
l=1 l

2β
γ

2+γ (l) < ∞8 0 < γ < 19

:;;("(-0*3358 3!" #!

∑∞
l=1 l

2a
γ

2+2γ

l < ∞9 <-,!-=!,8 3!" h #! *  (+21)(">?1-0"(04-42 @!,0!3 '(")

;(2",(#4"(-0 A401"(-0 HF *0; ,!3*"!; ;!02("5 hF < ∞ *0; A-, *33 2 ≤ k ≤ m 3!" hF ;X2,...,Xk
#!

#-40;!;9 B)!0

sup
t∈R

∣
∣
√
n (Hn(t)−HF (t))

∣
∣ = Op(1).

<$)7 G!6!,,%6: )7 % 7"6%)-$"*!65%6( &!'7#H=#'&# *6!; <$#!6#; DAD =7)'- I#;;% DAD -)8#' %" "$#

#'( !* "$)7 7#&")!'A <$# %77=;/")!'7 !' "$# &!#J&)#'"7 al  !" βl #$ %&'' ()(  *&  +,#' ,-. //0

$+/1//&" 20 ,3&  44+'5,-#!4 #$ 63&#*&' ()()

 !""#$

78 -!9 :& +4& ,3& ;#&<"-!8 "&.#'5#4-,-#! 8&,,-!8

sup
t∈R

∣
∣
√
n (Hn(t)−HF (t))

∣
∣

= sup
t∈R

∣
∣
∣
∣
∣
∣

√
n



HF (t) +

m∑

j=1

(
m

j

)
1
(
n
j

)Sjn,t −HF (t)





∣
∣
∣
∣
∣
∣

= sup
t∈R

∣
∣
∣
∣
∣

m√
n

n∑

i=1

g1(Xi, t) +
√
n

(
m
2

)

(
n
2

)

∑

1≤i<j≤n

g2(Xi, Xj , t)

+ . . .+
√
n

1
(
n
m

)

∑

1≤i1<...<im≤n

gm(Xi1 , . . . , Xim , t)

∣
∣
∣
∣
∣

(=



 ! U "#$%$&#$&'#( U ")*+',##,# %-. U "/0%-$&1,#

≤ sup
t∈R

∣
∣
∣
∣
∣

m√
n

n∑

i=1

g1(Xi, t)

∣
∣
∣
∣
∣
+ sup

t∈R

∣
∣
∣
∣
∣
∣

√
n

(
m
2

)

(
n
2

)

∑

1≤i<j≤n

g2(Xi, Xj , t)

∣
∣
∣
∣
∣
∣

+ . . .+ sup
t∈R

∣
∣
∣
∣
∣
∣

√
n

1
(
n
m

)

∑

1≤i1<...<im≤n

gm(Xi1 , . . . , Xim , t)

∣
∣
∣
∣
∣
∣

.

 !" #$% &"'# #%"( !) #$% '*( +,!-% .% /%#0 *'12/ 3$%!"%( 454 +26 #$% 7!2#12*!*' (+8812/

#$%!"%(0

sup
t∈R

∣
∣
∣
∣
∣

m√
n

n∑

i=1

g1(Xi, t)

∣
∣
∣
∣
∣
→ ‖W‖∞.

3$*'0 .% $+-% ‖W‖∞ = Op(1)5

 !" #$% "%(+1212/ #%"(' .% .+2# #! +889: ;%((+ 4545 3$%"%)!"%0 #$% <%"2%9 !) #$% U =8"!7%''
g(x1, . . . , xm, t) = 1[h(x1,...,xm)≤t] $+' #! '+#1'): #$% %>#%26%6 *21)!"( -+"1+#1!2 7!261#1!25 ?% *'%

#$% ;18'7$1#@ 7!2#12*1#: !) h )!" #$1'5

sup
‖(x1,...,xm)−(X′

1,...,X′
m)‖≤ǫ

∣
∣
 [h(X′

1,...,X′
m)≤t] −  [h(x1,...,xm)≤t]

∣
∣

=

{

1 0 1) h(X ′
1, . . . , X

′
m) ∈ (t− Lǫ, t+ Lǫ)

0 0 %9'%

+26 '!

E

(

sup
‖(x1,...,xm)−(X′

1,...,X′
m)‖≤ǫ

∣
∣
 [h(X′

1,...,X′
m)≤t] −  [h(x1,...,xm)≤t]

∣
∣

)

≤ sup
t∈R

∣
∣E
(
 [h(X′

1,...,X′
m)∈(t−Lǫ,t+Lǫ)]

)∣
∣

≤ sup
t∈R

∣
∣
∣
∣

∫ t+Lǫ

t−Lǫ
hF (x)dx

∣
∣
∣
∣
≤ 2Lǫ(sup

x∈R
hF (x)) ≤ L′ǫ,

'127% hF 1' ,!*26%6 +26 #$%"%)!"% g )*9&9' #$% *21)!"( -+"1+#1!2 7!261#1!25

A'12/ #$% '+(% +"/*(%2#' .% 7+2 +9'! '$!. #$+# g '+#1'&%' #$% %>#%26%6 *21)!"( -+"1+#1!2

7!261#1!25  !" +",1#"+": 2 ≤ k ≤ m +26 i1 < i2 < . . . < im 1# 1'

E

(

sup
|x1−Yi1

|≤ǫ

∣
∣
∣ [h(Yi1

,Xi2
,...,Xik

,Yik+1
,...,Yim )≤t] −  [h(x1,Xi2

,...,Xik
,Yik+1

,...,Yim )≤t]

∣
∣
∣

)

≤ sup
t∈R

∣
∣
∣
∣

∫ t+Lǫ

t−Lǫ
hF ;Xi2

,...,Xik
(x)dx

∣
∣
∣
∣
≤ Lǫ.

B889:12/ ;%((+ 454 .% /%# )!" 2 ≤ k ≤ n

sup
t∈R

∣
∣
∣
∣
∣
∣

√
n

(
m
k

)

(
n
k

)

∑

1≤i1,...,ik≤n

gk(Xi1 , . . . , Xik , t)

∣
∣
∣
∣
∣
∣

≤ √
nn−kop(n

k− 1
2
− 1

8
η−3
η+1 ) = op(n

− 1
8

η−3
η+1 ).

?1#$ C9*#'<:D' 3$%!"%( #$% 8"!!) 1' #$%2 7!(89%#%65

3$% *'%6 ;%((+ 454 1' '#+#%6 12 #$% )!99!.12/ '%7#1!25

4E



 !"! U #$%&'())()

 !"#$%$&'!( !")*#+)

 !" #$%%$&'() %"**+ !+, +%-"+./ 0""( 1-$2"( 0/ 3"(.%"- 45677+8 '( 9!" :+," m = 2; 3" &'%%
*$.'#/ 9!" *+'( '."+ $# 9!" 1-$$# 9$ $09+'( + ,'*'%+- -",<%9 #$- 9!" .")"("-+9". 9"-*, $# !')!"-

.'*"(,'$(+% U =1-$:",,",;

 !""# $%$%  !" h #! $ %!&'!( )$"*)+,*'- ".! !/"!'0!0 1'*+2&3 4$&*$"*2' 52'0*"*2'6 )15. ".$"

".! U 70*)"&*#1"*2' +1'5"*2' U *)  *8)5.*"9 52'"*'121): ;2&!24!&6 (!" (Xn)n∈N #! <=> ?*".

$88&2/*3$"*2' 52')"$'") al = O (l−c)6 ?.!&! c = max {η + 3, 12}6 2' $' $#)2(1"!(, &!-1($& 8&25!))
(Zn)n∈Z ?*". 3*/*'- 52!@5*!'") β(l) = O (l−η) +2& $' η ≥ 8: A.!'6 +2& $(( 2 ≤ k ≤ m $'0

τ = η−3
η+1 6 ?! .$4!

sup
t∈R

∣
∣
∣
∣

∑

1≤i1,...,ik≤n

gk(Xi1 , . . . , Xik , t)

∣
∣
∣
∣
= op(n

k− 1
2
− τ

8 ) $:):.

 !" %"**+ :+( 0" 1-$2". +(+%$)$<,%/ 9$ >',:!"- 4567?8 -",1":9'2"%/ >',:!"- "9 +%; 4567@+8 0<9

.<" 9$ :$*1%"9"(",, +(. 9$ ,!$& &!"-" 9!" ("&%/ ",9+0%',!". -",<%9, +-" ("".". &" ,9+9" 9!"

1-$$# !"-";

B&22+:

3" ."A(" Qk
n(t) :=

∑

1≤i1,...,ik≤n gk(Xi1 , . . . , Xik , t);

>$- l ∈ N :!$$," t1,l, . . . , ts−1,l &'9! s = sl = O(2
5
8
l)B ,<:! 9!+9

−∞ = t0,l < t1,l < . . . < ts−1,l < ts,l = ∞

+(. 2−
5
8
l ≤ |U(tr,l) − U(tr−1,l)| ≤ 2 · 2− 5

8
l
#$- +%% r = 1, . . . , s; C'(:" &" -"D<'-". E'1,:!'9F=

:$(9'(<'9/ $# U '9 #$%%$&, 9!+9 2−
5
8
l ≤ C|tr,l − tr−1,l|; G$-"$2"-B

E (h(Y1, . . . , Yk, Yk+1, . . . Ym, t)|Y1 = Xi1 , . . . , Yk = Xik) ', ($(=.":-"+,'() '( t #$- +%% 2 ≤ k ≤ mB
0":+<," h ', ($(=.":-"+,'() '( t;

 !" :+," k = 2 !+, 0""( 9-"+9". 0/ 3"(.%"- 45677+8 +(. ', 9!"-"#$-" $*'99". !"-";

>-$* ($& $( ,<11$," 9!+9 9!" ,9+9"*"(9 $# 9!" %"**+ ', 2+%'. #$- k − 1;

 $)"9!"- &'9! 9!" +0$2" :$(,'."-+9'$( &" !+2" #$- "2"-/ t ∈ [tr−1,l, tr,l] +(. 2l ≤ n < 2l+1

|Qk
n(t)|

=

∣
∣
∣
∣
∣

∑

1≤i1<...<ik≤n

(
E(h(Y1, . . . Yk, Yk+1, . . . , Ym, t)|Y1 = Xi1 , . . . , Yk = Xik)

− g1(Xi1 , t)− · · · − g1(Xik , t)− g2(Xi1 , Xi2 , t)

− · · · − g2(Xik−1
, Xik , t)− · · · − U(t)

)

∣
∣
∣
∣
∣

≤max

{∣
∣
∣
∣

∑

1≤i1<...<ik≤n

(
E(h(Xi1 , . . . , Xik , Yik+1

, . . . , Ym, tr,l)

− g1(Xi1 , tr,l)− . . .− g1(Xik , tr,l)− g2(Xi1 , Xi2 , tr,l)− · · · − g2(Xik−1
, Xik , tr,l)

− · · · − U(tr,l))
)
∣
∣
∣
∣
,

H?



 ! U "#$%$&#$&'#( U ")*+',##,# %-. U "/0%-$&1,#

∣
∣
∣
∣

∑

1≤i1<...<ik≤n

(
E(h(Xi1 , . . . , Xik , Yik+1

, . . . , Ym, tr−1,l))

− g1(Xi1 , tr−1,l)− . . .− g1(Xik , tr−1,l)− g2(Xi1 , Xi2 , tr−1,l)− · · · − g2(Xik−1
, Xik , tr−1,l)

− · · · − U(tr−1,l)
)
∣
∣
∣
∣

}

+

(
n− 1

k − 1

)

max

{∣
∣
∣
∣
∣

n∑

i=1

(g1(Xi, tr,l)− g1(Xi, t))

∣
∣
∣
∣
∣
,

∣
∣
∣
∣
∣

n∑

i=1

(g1(Xi, t)− g1(Xi, tr−1,l))

∣
∣
∣
∣
∣

}

+

(
n− 2

k − 2

)

max

{∣
∣
∣
∣
∣

n∑

i=1

(g2(Xi1 , Xi2 , tr,l)− g2(Xi1 , Xi2 , t))

∣
∣
∣
∣
∣
,

∣
∣
∣
∣
∣

n∑

i=1

(g2(Xi1 , Xi2 , t)− g2(Xi1 , Xi2 , tr−1,l))

∣
∣
∣
∣
∣

}

+ · · ·

+

(
n

k

)

|U(tr,l)− U(tr−1,l)|

≤max{|Qk
n(tr,l)|, |Qk

n(tr−1,l)|}

+

(
n− 1

k − 1

)
∣
∣
∣
∣
∣

n∑

i=1

(g1(Xi, tr,l)− g1(Xi, tr−1,l))

∣
∣
∣
∣
∣

+

(
n− 2

k − 2

)
∣
∣
∣
∣
∣
∣

∑

1≤i1<i2≤n

(g2(Xi1 , Xi2 , tr,l)− g2(Xi1 , Xi2 , tr−1,l))

∣
∣
∣
∣
∣
∣

+ · · ·

+

(
n− (k − 1)

k − (k − 1)

)
∣
∣
∣
∣
∣
∣

∑

1≤i1<...<ik−1≤n

(
gk−1(Xi1 , . . . , Xik−1

, tr,l)− gk−1(Xi1 , . . . , Xik−1
, tr−1,l)

)

∣
∣
∣
∣
∣
∣

+

(
n

k

)

|U(tr,l)− U(tr−1,l)|.

 !"#$ %& %#'' ()&"( (*& +),(- ,&./$0 "$0 '",( /1 (*& (&)2, ,&3")"(&'45

6/) ()&"(#$! (*& +),( (&)2 %& 7,& (*"(

E

(

max
n=2l,...,2l+1−1

max
r=0,...,s

|Qk
n(tr,l)|2

)

≤
s∑

r=0

E





(
l∑

d=0

max
i=1,...,2l−d

|Qk
2l+i2d(tr,l)−Qk

2l+(i−1)2d(tr,l)|
)2




≤
s∑

r=0

l
l∑

d=0

2l−d
∑

i=1

E

((

Qk
2l+i2d(tr,l)−Qk

2l+(i−1)2d(tr,l)
)2
)

≤
s∑

r=0

l

l∑

d=0

2l+1
∑

i1,...,i2k=1

|E
(
gk(Xi1 , . . . , Xik , t)gk(Xik+1

, . . . , Xi2k , t)
)
|

︸ ︷︷ ︸

=O((2l+1)2k−2+γ) !"#$ %&''( )*+

88



 !"! U #$%&'())()

≤ sl2C2(2k−2)(l+1) ≤ C ′l22(2k−2+ 5
8
)l.

 !" #$% &"'# ()%*+,-(#. /% +'%0 #$% '! 1,--%0 1$,()()2 #%1$)(*+%3 4(, #$% #"(,)2+-," ()%*+,-(#.

/% '5-(# #$% #%"6 Qn ()#! #/! 0(7%"%)1%' Q2l+i2d −Q2l+(i−1)2d 8

9!/ /% ,55-. #$% :$%;.1$%4 ()%*+,-(#. 2%##()2 <!" %4%". ǫ > 0

∞∑

l=1

P

(

max
n=2l,...,2l+1−1

max
r=0,...,s

|Qk
n(tr,l)| > ǫ2l(k−

1
2
− τ

8
)

)

≤
∞∑

l=1

1

ǫ22l(2k−1− τ
4
)
E

(

max
n=2l,...,2l+1−1

max
r=0,...,s

|Qk
n(tr,l)|2

)

≤
∞∑

l=1

1

ǫ22l(2k−1− τ
4
)
C ′l22(2k−2+ 5

8
)l ≤

∞∑

l=1

C ′ l
2

ǫ2
2

−3+2τ
8

l < ∞.

=$%)> /(#$ #$% ?!"%-@:,)#%--( A%66,

P

(

max
n=2l,...,2l+1−1

max
r=0,...,s

|Q2
n(tr,l)| > ǫ2l(k−

1
2
− τ

8
)
()&)(#%-. !<#%)

)

= 0.

=$,# ('> max
r=0,...,s

|Qk
n(tr,l)| = op(n

k− 1
2
− τ

8 )8

9!/ /% /(-- #"%,# #$% '%1!)0 #%"6 <!" /$(1$ /% /,)# #! ,55-. A%66, B8C8C !< D%)0-%" ECFGG,H8

 !" 2l ≤ n < 2l+1
(# <!--!/' #$,#

E

(
n∑

i=1

(g1(Xi, tr,l)− g1(Xi, tr−1,l))

)4

≤ Cn2(log n)2max
{

E|g1(Xi, tr,l)− g1(Xi, tr−1,l)|, Cn− 3
4

}1+τ

≤ Cn2(log n)2(Cn− 3
4 )1+τ .

?. +'% !< #$% ,''+65#(!) |U(tr,l)− U(tr−1,l)| ≥ 2−
5
8
l ≥ C2−

3
4
l ≥ Cn− 3

4
> #$% -,'# #%"6 '(65-(&%'

#!

Cn2(log n)2|U(tr,l)− U(tr−1,l)|1+τ .

I-- () ,-- /% 2%#

E

(

max
n=2l,...,2l+1−1

max
r=1,...,s

(
n− 1

k − 1

)
∣
∣
∣
∣
∣

n∑

i=1

(g1(Xi, tr,l)− g1(Xi, tr−1,l))

∣
∣
∣
∣
∣

)4

≤
s∑

r=1

E

(

max
n=2l,...,2l+1−1

n4(k−1)

∣
∣
∣
∣
∣

n∑

i=1

(g1(Xi, tr,l)− g1(Xi, tr−1,l))

∣
∣
∣
∣
∣

)4

≤
s∑

r=1

max
n=2l,...,2l+1−1

n4(k−1)Cn2(log n)2|U(tr,l)− U(tr−1,l)|1+τ

≤ 24(k−1)(l+1)C(2l+1)2(log 2l+1)2s

(

max
r=1,...,s

|U(tr,l)− U(tr−1,l)|
)1+τ

≤ C ′24l(k−1)22l(log 2l+1)2s
(

2−
5
8
l
)1+τ

BJ



 ! U "#$%$&#$&'#( U ")*+',##,# %-. U "/0%-$&1,#

≤ C ′′(l + 1)22(4k−2− 5
8
τ)l.

 !"#"$% &" '(") *+#+,,-#% . +/ 0+#123 4.5678 -9) :!" -((';<:1+9 s = O(2
5
8
l)= >1:! :!"

?"9"#-,13") *!"$%2!"@ 19"A'-,1:% 1: 1(

∞∑

l=0

P

(

max
n=2l,...,2l+1−1

max
r=1,...,s

(
n− 1

k − 1

)
∣
∣
∣
∣
∣

n∑

i=1

(g1(Xi, tr,l)− g1(Xi, tr−1,l))

∣
∣
∣
∣
∣
> ǫ2(k−

1
2
− 1

8
τ)l

)

≤
∞∑

l=0

1

ǫ42l(4k−2− 1
2
τ)
E

(

max
r=1,...,s

(
n− 1

k − 1

)
∣
∣
∣
∣
∣

n∑

i=1

(g1(Xi, tr,l)− g1(Xi, tr−1,l))

∣
∣
∣
∣
∣

)4

≤
∞∑

l=0

1

ǫ42l(4k−2− 1
2
τ)
C(l + 1)22(4k−2− 5

8
τ)l =

∞∑

l=0

Cl2

ǫ42
1
8
τ
< ∞.

B9-,+?+'(,% :+ :!" -$+@" 2-,2',-:1+9 &" -<<,% :!" C+#",D*-9:",,1 E";;- -?-19 ?"::19?

(
n− 1

k − 1

)
∣
∣
∣
∣
∣

n∑

i=1

(g1(Xi, tr,l)− g1(Xi, tr−1,l))

∣
∣
∣
∣
∣
= op(n

k− 1
2
− 1

8
τ ).

F+# :!" ,-(: :"#;G '(19? :!" -((';<:1+9( -9) :!" /-2: :!-: τ < 1G &" !-@"

max
r=0,...,s

(
n

k

)

|U(tr,l)− U(tr−1,l)| ≤ Cnk2−
5
8
l ≤ Cnk− 5

8 < Cnk− 4
8
− 1

8
τ = op(n

k− 4
8
− 1

8
τ ).

H+& :!" :"#;( 192,')19? g2, . . . , gk−1 #";-19= F+# :!"(" &" -((';") /+# 2 ≤ j ≤ k − 1

sup
t∈R

∣
∣
∣
∣

∑

1≤i1,...,ij≤n

gj(Xi1 , . . . , Xij , t)

∣
∣
∣
∣
= op(n

j− 1
2
− τ

8 )

-9) 2+9("A'"9:,%

(
n− j

k − j

)

max
r=1,...,s

|
∑

1≤i1<...<ij≤n

(
gj(Xi1 , . . . , Xij , tr,l)− gj(Xi1 , . . . , Xij , tr−1,l)

)
|

≤ nk−j



 max
r=1,...,s

|
∑

1≤i1<...<ij≤n

gj(Xi1 , . . . , Xij , tr,l)|+ max
r=1,...,s

|
∑

1≤i1<...<ij≤n

gj(Xi1 , . . . , Xij , tr−1,l)|





≤ nk−jop(n
j− 1

2
− 1

8
τ ) = op(n

k− 1
2
− 1

8
τ ).

I+ &" 2+',) (!+& /+# -#$1:#-#% k /+# -,, :"#;( :!-: :!"% -#" +/ +#)"# op(n
k− 1

2
− 1

8
τ )= J(19?

;-:!";-:12-, 19)'2:1+9 :!" <#++/ 1( 2+;<,":")=

 !"! U#$%&'()*+,

U DA'-9:1,"( ξp &1:! - ?1@"9 K"#9", h -#" )"L9") -( A'-9:1,"( +/ :!" (-;<," (h(Xi, Xj))1≤i,j≤nG

:!-: 1( ξp = inf{t|HF (t) ≥ p}=  !" ";<1#12-, +# (-;<," @"#(1+9 +/ :!1( 1( :!"9 ?1@"9 $%

MN



 !"! U #$%&'()*+,

ξ̂p = inf{t|Hn(t) ≥ p} !"#$ %&# '(#)'* )+& #,-&#((./0 1#&2%./ &+3'(2 #(2.4%2+&( 3%(#5 +/ 6'%/7

2.*#( +) )'/12.+/( ('1" %( 2"# 8#**79/+8/ :+50#(7;#"4%// #(2.4%2+& <4+/0 +2"#&(= >#&?./0

@ABCDE= F"+'5"'&$ %/5 >#&?./0 @ABCCE +& <&1+/#( @ABBGE (2'5$ U 76'%/2.*#( %/5 2"#.& %($4-2+2.1

-&+-#&2.#( H+& (2&+/0 4.,./0 5%2% I#/5*#& @JKAA%E 0.L#( &#('*2( %3+'2 %($4-2+2.1 /+&4%*.2$

%/5 2"# ;%8 +) 2"# M2#&%2#5 ;+0%&.2"4 )+& 3.L%&.%2# 9#&/#*( H+& 4'*2.L%&.%2# 9#&/#*( %/5 (2&+/0

4.,./0 5%2% H.(1"#& @JKANE &#(-#12.L#*$ H.(1"#& #2 %* @JKAG%E (2'5$ U 76'%/2.*#( 

</ +)2#/ '(#5 2#1"/.6'# 2+ "%/5*# U 76'%/2.*#( %/5 2"#.& %($4-2+2.1 .( 2"# O%"%5'&7&#-&#(#/2%2.+/

#(2%3*.("#5 P&(2 3$ O%"%5'& @ABGGE )+& (2%/5%&5 5.(2&.3'2.+/ )'/12.+/( < 0#/#&%*.(%2.+/ 2+ 9#&7

/#*( .( 0.L#/ 3$

ξ̂p = ξp +
HF (ξp)−Hn(ξp)

hF (ξp)
+Rn.

I"%2 &#4%./( '/9/+8/ %/5 .( 2"# -+./2 +) ./2#&#(2 ./ 4%/$ (2'5.#( .( 2"# 3#"%L.+'& +) 2"#

&#4%././0 2#&4 Rn H+& ./5#-#/5#/2 &%/5+4 L%&.%3*#( Q"+(" @ABRAE -&+L#( 2"# &%2# +) 1+/L#&7

0#/1# H+& (2&+/0 4.,./0 (#6'#/1#( %/5 3.L%&.%2# 9#&/#*( I#/5*#& @JKAA3E 0.L#( 2"# %($4-2+2.1

3#"%L.+'& %/5 )+& ("+&27&%/0# 5#-#/5#/2 *./#%& -&+1#((#( I' @JKKSE (2%2#( &#('*2( H+& (2&+/0

4.,./0 (#6'#/1#( +) 4'*2.L%&.%2# 9#&/#*( H.(1"#& @JKANE &#(-#12.L#*$ H.(1"#& #2 %* @JKAG%E -&+L#

2"# &%2# +) 1+/L#&0#/1# 

M/ 2"# 1%(# +) /#%& #-+1" 5#-#/5#/1# 2"# )+**+8./0 *#44% .( /##5#5 )+& 2"# P/%* -&++) +) 2"#

1+/L#&0#/1# +) 2"# &#4%././0 2#&4 +) 2"# O%"%5'&7&#-&#(#/2%2.+/ M2 .( % L%&.%/1# ./#6'%*.2$

8".1" 0.L#( '( 2"# +&5#& +) 3+'/5#5/#(( I"#&#%( )+& 2"# (2&+/0 4.,./0 1%(# 2"# )+**+8./0 &#('*2

)+**+8( 5.&#12*$ )&+4 % &#('*2 ./ T+'9"%/ #2 %* @JKAKE 8# /##5 2+ -&+L# .2 )+& 2"# UVT 1%(# 

 !""# $%&%  !" (Xn)n∈N #! $%& '(") *++,-.(/*"(-0 1-02"*0"2 (al)l∈N -0 *0 *#2-34"!35 ,!67

43*, +,-1!22 (Zn)n∈Z '(") /(.(06 1-!81(!0"2 (β(l))l∈N9 :-,!-;!,< 3!" #!

∑n
l=1 al < ∞ *0=

∑n
l=1 β(l) < ∞9 >? X1 (2 #-40=!= *0= EXi = 0< ")!0 ?-, * 1-02"*0" C (" )-3=2 ")*"

E

(
n∑

i=1

Xi

)2

≤ C · n.

@,--?9

O#1%'(# +) 2"# (2%2.+/%&.2$ +) 2"# Xi 8# 1%/ 8&.2#

E

(
n∑

i=1

Xi

)2

≤
∑

1≤i,k≤n

i+k≤n

|E (XiXi+k)| @D DE

≤
n∑

i=1

n−i∑

k=i+1

(

4 ‖X1‖∞ a[ k3 ]
+ 2 ‖X1‖2∞ β

([
k

3

]))

≤ n

n∑

k=1

(

4 ‖X1‖∞ a[ k3 ]
+ 2 ‖X1‖2∞ β

([
k

3

]))

≤ C · n,

8"#&# 8# '(#5 ;#44% J AC +) O+&+L9+L% #2 %* @JKKAE ./ *./# @D DE 

W(./0 2".( 8# 1%/ -&++) 2"# )+**+8./0 &#('*2 )+& /#%& #-+1" 5#-#/5#/2 -&+1#((#( %/5 4'*2.L%&.%2#

9#&/#*( +) %&3.2&%&$ 5.4#/(.+/ 

DR



 ! U "#$%$&#$&'#( U ")*+',##,# %-. U "/0%-$&1,#

 !"#$"% &'('  !" (Xn)n∈N #! $%& '(") *++,-.(/*"(-0 1-02"*0"2 (al)l∈N -0 *0 *#2-34"!35

,!643*, +,-1!22 (Zn)n∈Z '(") /(.(06 1-!71(!0"2 (β(l))l∈N 8-, ')(1) )-392 ")*" β(l) = O
(
l−δ
)

*09 al = O
(
l−δ−2

)
8-, * δ > 1: ;-,!-<!,= 3!" h(x1, . . . , xm) #! *  (+21)(">?1-0"(04-42 @!,0!3

'(") 9(2",(#4"(-0 8401"(-0 HF *09 ,!3*"!9 9!02("5 0 < hF < ∞ *09 8-, *33 2 ≤ k ≤ m 3!"

hF ;X2,...,Xk
#! #-409!9: A)!0 '! )*<! 8-, ")! B*)*94, ,!+,!2!0"*"(-0 '(") ξ̂p = H−1

n (p)

ξ̂p = ξp +
HF (ξp)−Hn(ξp)

hF (ξp)
+ op

(
1√
n

)

.

C,--8:

 !" t ∈ R# $%& '( )%*+% ξnt = ξp + tn− 1
2 , Zn(t) =

√
nHF (ξnt)−Hn(ξnt)

hF (ξp)
,+)

Vn(t) =
√
n
HF (ξnt)−Hn(ξ̂p)

hF (ξp)
-

.% /,+& &! '(% &0,& |p−Hn(ξ̂p)| ≤ 1
n &! !1&,2+

Vn(t) =
√
n
HF (ξnt)− p+ p−Hn(ξ̂p)

hF (ξp)

=
√
n
HF (ξp + tn− 1

2 )− p

hF (ξp)
︸ ︷︷ ︸

=:V ′
n(t)

+
√
n

=O(n−1)
︷ ︸︸ ︷

p−Hn(ξ̂p)

hF (ξp)
︸ ︷︷ ︸

=O(n− 1
2 )

−→ t.

30% +%4& (&%5 2( &! (0!/ &0,& Zn(t)− Zn(0)
P−→ 0.

6& 2(

7,"(Zn(t)− Zn(0))

=
n

h2F (ξp)
7,"




1
(
n
m

)

∑

1≤i1<...<im≤n

 

[

h(Xi1
,...,Xim )≤ξp+tn− 1

2

] −  [h(Xi1
,...,Xim )≤ξp]



 .

3! *+) 1!'+)( 8!" &0% "290& 0,+) (2)%# /% )%*+% Un ,+) U ′
n 1:

Un =
1
(
n
m

)

∑

1≤i1<...<im≤n

 

[

h(Xi1
,...,Xim )≤ξp+tn− 1

2

]

= θ +
m∑

j=1

(
m

j

)
1
(
n
j

)

∑

1≤i1<...<ij≤n

gj(Xi1 , . . . , Xik , ξp + tn− 1
2 )

U ′
n =

1
(
n
m

)

∑

1≤i1<...<im≤n

 [h(Xi1
,...,Xim )≤ξp]

= θ′ +
m∑

j=1

(
m

j

)
1
(
n
j

)

∑

1≤i1<...<ij≤n

gj(Xi1 , . . . , Xik , ξp).

;<



 !"! U #$%&'()*+,

 !"#"$%#"&

√
√
√
√
√
'(#




1
(
n
m

)

∑

1≤i1<...<im≤n

 

[

ξp<h(Xi1
,...,Xim )≤ξp+tn− 1

2

]





≤
√

'(#(θ)
︸ ︷︷ ︸

=0

+
√

'(#(θ′)
︸ ︷︷ ︸

=0

+

√
√
√
√
'(#

(

m

n

n∑

i=1

(g1(Xi, ξp + tn− 1
2 )− g1(Xi, ξp))

)

+

√
√
√
√
√
'(#





(
m
2

)

(
n
2

)

∑

1≤i<j≤n

g2(Xi, Xj , ξp + tn− 1
2 )



+

√
√
√
√
√
'(#





(
m
2

)

(
n
2

)

∑

1≤i<j≤n

g2(Xi, Xj , ξp)





+ . . .+

√
√
√
√
√
'(#




1
(
n
m

)

∑

1≤i1<...<im≤n

gm(Xi1 , . . . , Xim , ξp + tn− 1
2 )





+

√
√
√
√
√
'(#




1
(
n
m

)

∑

1≤i1<...<im≤n

gm(Xi1 , . . . , Xim , ξp)



.

)" !(*" (+#"(,- .!%/0 10  !"%#"2 345& $%# (++ 2 ≤ k ≤ m& 6!(6

'(#





(
m
k

)

(
n
k

)

∑

1≤i1<...<ik≤n

gk(Xi1 , . . . , Xik , ξp + tn− 1
2 )



 = O(n−2+γ)

!%+,. $%# ( γ < 1& 1$ 6!" 7"#0"+ 1. 8%90,", (0, .(61.:". 6!" ";6"0,", *(#1(61%0 <%0,161%04  !1.
<(0 8" .!%/0 $%# 6!" U =>#%<".. 7"#0"+.& 6%%4 ?0(+%@%9. 6% 6!" >#%%$ %$ A%#%++(#- 345 /" <(0 9."
6!(6 g(x1, . . . , xm, ξp + tn− 1

2 ) =  

[

h(xi1
,...,xim )≤ξp+tn− 1

2

]

(0, g(x1, . . . , xm, ξp) =  [h(xi1
,...,xim )≤ξp]

.(61.$- 6!" ";6"0,", *(#1(61%0 <%0,161%04

 % #">+(<" 6!" B"22( %$ C%97!(0 "6 (+4 DEF5FG 10 6!" .6#%0@ 21;10@ <(." /" (>>+- $%# 6!" HIC

<(." B"22( 34J %0 g1(Xi, ξp + tn− 1
2 )− g1(Xi, ξp) (0, !(*"

E

∣
∣
∣

n∑

i=1

(g1(Xi, ξp + tn− 1
2 )− g1(Xi, ξp))

∣
∣
∣

2
≤ Cn.

 !1. 1. >%..18+" .10<" g1 (0, f(x, y) = x − y $9+:+ 6!" *(#1(61%0 <%0,161%0 (0, (#" 8%90,", Df
/!"0 9.10@ 8%90,", (#@92"06.G4 ?,,161%0(++-&

∑∞
l=1 β(l) < ∞ (0,

∑∞
l=1 a

′
l < ∞ 8"<(9." %$ 6!"

(..92>61%0.4

 !1. !"+>. 9. 6% %86(10

√
√
√
√
√
'(#




1
(
n
m

)

∑

1≤i1<...<im≤n

1[
ξp<h(Xi1

,...,Xim )≤ξp+tn− 1
2

]





≤
√

m2

n2
Cn+ 2(m− 1)

√

O(n−2+γ) ≤ Cm2

√
n

+ 2(m− 1)O(n−1+γ/2),

3K



 ! U "#$%$&#$&'#( U ")*+',##,# %-. U "/0%-$&1,#

 !"#" $!" %&'($)'$ C &'*+ ,"-"',( &'

∥
∥
∥g1(Xi, ξp + tn− 1

2 )− g1(Xi, ξp)
∥
∥
∥
3
.

/!"'0

1)#(Zn(t)− Zn(0)) ≤
n

h2F (ξp)

(
Cm2

√
n

+ 2(m− 1)O(n−1+γ/2)

)2

≤ m2

h2F (ξp)
C2 +

4m2(m− 1)

h2F (ξp)
C
√
nO(n−1+γ/2) + 4(m− 1)2O(n−2+γ)

n

h2F (ξp)

≤ m4

h2F (ξp)
C2 +

4m2(m− 1)

h2F (ξp)
CO(n− 1

2
+γ/2) +

4(m− 1)2

h2F (ξp)
O(n−1+γ).

23'%" |g1(Xi, ξp + tn− 1
2 )− g1(Xi, ξp)| ≤ 1 4&# )** Xi )',

|g1(Xi)− g′1(Xi)| P−→ 0,

$!" %&'($)'$ C %&'5"#6"( $& 7"#& 3' -#&8)83*3$+ )', (3'%" γ < 1  " !)5" $!)$

1)#(Zn(t)− Zn(0))
P−→ 0.

9--*+3'6 $!" :!"8+%!"5 3'";<)*3$+  " $!"' 6"$ Zn(t)− Zn(0)
P−→ 0 .

9*$&6"$!"#  " !)5" 4&# t ∈ R )', "5"#+ ǫ > 0

P(
√
n(ξ̂p − ξp) ≤ t, Zn(0) ≥ t+ ǫ) = P(Zn(t) ≤ Vn(t), Zn(0) ≥ t+ ǫ)

≤ P

(

|Zn(t)− Zn(0)| ≥
ǫ

2

)

+ P

(

|Vn(t)− t| ≥ ǫ

2

)

−→ 0

)', )')*&6&<(*+

P(
√
n(ξ̂p − ξp) ≥ t, Zn(0) ≤ t) −→ 0.

=(3'6 >"??) @ &4 A!&(! B@CD@E $!" -#&&4 3( %&?-*"$",.

FG



 ! GL"#$%$&#$&'#

 !"!#$%&'!( L)*+$+&*+&,* -GL)*+$+&*+&,*. /0#1 $ ,%$** 0/ *+$+&*+&,* +2$+ 3"&4!* $ %0+ 0/ ,0110"%5

3*!( 0+2!# *+$+&*+&,*6 /0# !7$18%! U )*+$+&*+&,*6 L)*+$+&*+&,* $"( !9!" *+$+&*+&,* +2$+ ,$""0+ :!
,%$**&4!( &" $ ,!#+$&" ,%$** 0/ *+$+&*+&,*6 /0# !7$18%! +2! ;0(<!*)=!21$"" !*+&1$+0#> ?2!5 2$9!

4#*+ :!!" 8#080*!( :5 @!#A&"< -BCDE.6 F20 8#09!( $ G!"+#$% =&1&+ ?2!0#!1 3"(!# &"(!8!"(!",!>

H((&+&0"$%%56 I&*,2!# !+ $%> -JKBL$. 2$9! *20F" $" $"$%0<03* #!*3%+ 3"(!# *+#0"< 1&7&"<> M" 03#

,0"+!7+ +2!5 $#! 3*!/3% *&",! $ %0+ 0/ #0:3*+ !*+&1$+0# ,$" :! !78#!**!( $* GL)*+$+&*+&,6 (!+$&%!(
!7$18%!* $#! <&9!" %$+!# 0">

=&N! U )*+$+&*+&,* !9!#5 GL)*+$+&*+&, &",%3(!* $ N!#"!% h(x1, . . . , xm)6 +2$+ &* $ 1!$*3#$:%!6 *51)
1!+#&, $"( #!$%)9$%3!( /3",+&0">

O*&"< +2! *$1! "0+$+&0" $* :!/0#! F! "0F ,$" (!4"! $GL)*+$+&*+&, $* $ /3",+&0"$% 0/ +2! !18&#&,$%
(&*+#&:3+&0" /3",+&0" 0/ +2! N!#"!%>

 !"#$%$&# '()(  !"#"$%&'(") L*+,%,'+,'- .',/ 0"$#"& h '+ !'1"# 23

T (Hn) =

∫ 1

0
H−1

n (t)J(t)dt+
d∑

i=1

aiH
−1
n (pi)

=

n(m)
∑

i=1





∫ i
n(m)

(i−1)
n(m)

J(t)dt



H−1
n

(
i

n(m)

)

+
d∑

i=1

aiH
−1
n (pi),

.',/ % 45#-,'6# J(·) %#) ."'!/,+ pi %#) ai7i = 1, . . . , d7 ./"$" n(m) = n(n− 1) · . . . · (n−m+ 1)
%#)

Hn(x) =
1
(
n
m

)

∑

1≤i1<...<im≤n

 [h(Xi1
,...,Xim)≤x]

%+ 2"46$"8 9, '+ %# "+,':%,6$ 46$ T (HF )8

H GL)*+$+&*+&,* &* (!+!#1&"!( :5 +2! ,20&,! 0/ +2! /3",+&0" J(·) $"( +2! F!&<2+* pi $"( ai F&+2
i = 1, . . . , d> J #!8#!*!"+* $ *100+2 0# ,0"+&"303* F!&<2+&"< &" +2! 4#*+ 8$#+ &" +2! (!4"&+&0"
$:09!6 F2!#!$* +2! ,0!P,&!"+* ai (!+!#1&"! $ (&*,#!+! F!&<2+&"<> H,,0#(&"< +0 F2&,2 N&"( 0/
*+$+&*+&, 0# !*+&1$+0# *203%( :! !78#!**!( $* $ GL)*+$+&*+&,6 $ ,0"+&"303* 0# $ (&*,#!+! 0# !9!"
:0+2 F!&<2+&"<* $#! 3*!(>

G018$#!( +0 +2! #!8#!*!"+$+&0" 0/ $" L)*+$+&*+&,

T (Fn) =

∫ 1

0
F−1
n (t)J(t)dt+

d∑

i=1

aiF
−1
n (pi) -Q>B.

F! ,$" *!! +2$+ +2! <!"!#$%&*$+&0" #!*3%+* /#01 +2! ,2$"<&"< 0/ +2! !18&#&,$% (&*+#&:3+&0" /3",+&0"

Fn +0 +2! !18&#&,$% N!#"!% (&*+#&:3+&0" /3",+&0" Hn> ?2&* &* (3! +0 +2! /$,+ +2$+ F! ,0"*&(!# "0F

h(X1, . . . , Xm) &"*+!$( 0/ X1, . . . , Xm>

QB



 ! GL"#$%$&#$&'#

 !"#$% &'('  !" #"$"%&' (")$*+*,$ ,- &$ L./+&+*/+*0 */ #*1"$ 23

T =
n∑

i=1

ci,nF
−1
n (i/n)

4*+! ci,n ∈ R 25+ &6,$# 6&$3 ,+!"%/ 7"%8*$# 9:;<=> ?,*$+"( ,5+ +!&+ $"&%'3 &'' %"'"1&$+ L.
/+&+*/+*0/ 0&$ 2" "@?%"//"( 23 "AB 9CB:>B

D"+ 5/ $,4 #*1" /,6" "@&6?'"/ ,- 4"'' E$,4$ "/+*6&+,%/ +!&+ 0&$ 2" "@?%"//"( &/ GL./+&+*/+*0B

 !"! #$%&'()*

F$ +!*/ /"0+*,$ 4" 4&$+ +, /!,4 +!&+ /,6" 4"'' E$,4$ "/+*6&+,%/ 0&$ 2" "@?%"//"( &/GL./+&+*/+*0B
G"%"H +!" -,05/ */ '&*( ,$ %,25/+ "/+*6&+,%/H 6&*$'3 4*+! 65'+*1&%*&+" E"%$"'/B

)*#"+,! &'(' I U ./+&+*/+*0 0&$ 2" 4%*++"$ &/ & GL./+&+*/+*0 23 /"++*$# d = 0 &$( J = 1B J-
0,5%/"H $,+ "1"%3 U ./+&+*/+*0 */ %,25/+ 25+ 6&$3 %,25/+ "/+*6&+,%/ &%" *$0'5("( *$ +!*/ 0'&//B

)*#"+,! &'-' I 4"'' E$,4$ L./+&+*/+*0 */ +!" α !"#$$%& $%'(

X̄(α) =
1

n− 2 [nα]

n−[nα]
∑

i=[nα]+1

X(i),

4!"%" X(i) */ +!" i.+! 1&'5" ,- +!" ,%("% /+&+*/+*0 X(1) ≤ X(2) ≤ . . . ≤ X(n)B  , %"4%*+" *+ &/ &

GL./+&+*/+*0 4" 0!,,/" J(t) = 1
1−2α [α<t<1−α]B I/ E"%$"' 4" /"+ h(x) = x &$( '"+ +!" /56 1&$*/!

23 +!" 0!,*0" d = 0B

)*#"+,! &'.'  !" #"$"%&'*K"( )*&+%, -%.$'(( %,!#$'!*"

median

(
1

m
(Xi1 + . . .+Xim) , 1 ≤ i1, . . . , im ≤ n

)

*/ $"*+!"% & U ./+&+*/+*0 $,% &$ L./+&+*/+*0H 25+ *+ */ ?,//*2'" +, -,%65'&+" *+ &/ & GL./+&+*/+*0
0!,,/*$# +!" E"%$"' h(xi1 , . . . , xim) =

1
m(xi1 + . . . + xim) &$( /"++*$# J = 0H d = 1H &$( a1 = 1B

L" #"+ +!" 6"(*&$ ,- +!" E"%$"' 23 5/*$# +!" %"?%"/"$+&+*,$ 1*& +!" A5&$+*'" -5$0+*,$ H−1
n (12)B

M,$/"A5"$+'3H p1 =
1
2 B  !" #"$"%&'*K"( G,(#"/.D"!6&$$ "/+*6&+,% +!"$ */ +!" GL./+&+*/+*0

T (Hn) = H−1
n

(
1

2

)

.

)*#"+,! &'/' I %,25/+ 6"&/5%" -,% +!" 1&%*&2*'*+3 */ N*$*O/ P"&$ Q*R"%"$0"B F$ 0,$+%&/+ +,

+!" 6"&$ ("1*&+*,$ +!*/ "/+*6&+,% */ $,+ ,$'3 %,25/+ 25+ &'/, &'6,/+ &/ "S0*"$+ &/ +!" 0'&//*0&'

6"&/5%" -,% 1&%*&2*'*+3H +!" /+&$(&%( ("1*&+*,$ 9N"%/+"$2"%#"% &$( T,#"' 9UV:C>>B F+ */ #*1"$ 23

Gn =
2

n(n− 1)

∑

1≤i<j≤n

|Xi −Xj |

CU



 !"! #$%&'()*

 !" # ! $% &'())%!  *  GL+*) )(*)(# $, #-..*(!/ )-% 0%'!%1 h(xi, xj) = |xi − xj | 2)-% 0%'!%1

"(3%!*(.! (* )-%! .4 #.5'*% m = 26  !"  #.!*) !) #.!)(!5.5* 45!#)(.! J(t) = 17 8-% "(*#'%)%

9 ') .4 )-% GL+*) )(*)(# : !(*-%* *(!#% d = 07 ;-%! #.!*("%'(!/ )-% %<9'%**(.! =(!(>* ?% !

@(A%'%!#% 5*(!/ .'"%' *) )(*)(#* 2*%% #47 B (' 2CDEF66G )- ) (*

Gn =
2

n(n− 1)

∑

1≤i<j≤n

|Xi −Xj | =
2

n(n− 1)

∑

1≤i<j≤n

(
X(j) −X(i)

)

=
2

n(n− 1)

(

2
n∑

i=1

iX(i) − (n+ 1)
n∑

i=1

X(i)

)

=
2

n(n− 1)

n∑

i=1

(2i− n− 1)X(i)

&()- X(i) $%(!/ )-% i+)- .'"%' *) )(*)(# .4 )-% * 391% X1, . . . , XnG )-% 0%'!%1 (* #-.*%!  * ("%!)(),

45!#)(.!  !" J(t) = 4n
n−1 t− 2n

n−1 7

8-% 4.11.&(!/ )&. %< 391%* .4 *# 1% %*)(3 ).'* # ! $% 4.5!" (! H.5**%%5&  !" I'.5< 2CDDJ6

 !" # !  11 $% %<9'%**%"  *  GL+*) )(*)(#7

 !"#$%& '('( K! %*)(3 ).' 4.' )-% *# 1% &-(#- (* '.$5*) &()-  !  *,39).)(# $'% 0".&! 9.(!)

.4 50% (* /(:%! $,

Q = medi<j<k{min(|Xi −Xj |, |Xi −Xk|, |Xj −Xk|)}.

L) # ! $% %<9'%**%"  *  GL+*) )(*)(# $, ) 0(!/ )-% )-'%%+"(3%!*(.! 1 0%'!%1

h(x1, x2, x3) = min(|x1 − x2|, |x1 − x3|, |x2 − x3|)  !" )-% 9 ' 3%)%'* J = 0, d = 1, a1 = 1  !"

p1 = 1/27 L4 )-(* %*)(3 ).' (* /%!%' 1(*%" ). *5$* 391%* .4 .'"%' /'% )%' )- ! )-'%%  !" .)-%'

M5 !)(1%*

Qn = {min(|Xil −Xik |, 1 ≤ l < k ≤ m), 1 ≤ i1 < . . . < im ≤ n}([α(n
m)])

,

&-%'% ([α
(
n
m

)
]) "%!.)%* )-% %39('(# 1 α+M5 !)(1% (α ∈ (0, 1))G &% # ! #-..*% 4.'  '$()' ', *(N% m

.4 )-% *5$* 391% h(x1, . . . , xm) = min(|xj − xi|, 1 ≤ i < j ≤ m) &()- J, d  !" a1  * $%4.'% $5)

p1 =
[α(n

m)]
(n
m)

7

 !"#$%& '()( K!.)-%' 1.# )(.!+4'%% *# 1% %*)(3 ).' (* /(:%! $,

Cα
n = cα|X(i+[αn]+1) −X(i)|([n/2]−[αn]),

α ∈ (0, 0.5)G &-(#- ) 0%* )-% [n/2] − [αn] .'"%' *) )(*)(# .4 )-% "(A%'%!#% .4 )-% O'*)  !" 1 *)

.'"%' *) )(*)(# .4  11 2*.')%"6 *5$* 391%* .4 1%!/)- [αn]+27 8-% #.!*) !) cα 3 0%* )-% %*)(3 ).'

P(*-%'+#.!*(*)%!) 5!"%' !.'3 1(),7 Q, )-% #-.(#% .4  0%'!%1 h .4 "(3%!*(.! m = [αn] + 2 &()-

h(x1, . . . , xm) = max(x1, . . . , xm)−min(x1, . . . , xm)  !" J = 0, d = 1, a1 = cα  !" p1 =
1

(n
m)

)-%

'%9'%*%!) )(.! $,  GL+*) )(*)(# # ! $% .$) (!%"7 K &%11+0!.&! *9%#( 1 # *% .4 )-(* %*)(3 ).' (*

)-% R% *) ?%"( ! .4 SM5 '%* *# 1% %*)(3 ).'

LMSn = 0.7413min
i

|X(i+[n/2]) −X(i)|,

&()- [αn] = [n/2]− 1  !" cα = 1
2Φ−1(0.75)

= 0.74137

;% & !) ). %39- *(N% )- ) $.)- %*)(3 ).'* .4 H.5**%%5&  !" I'.5< 2CDDJ6 5*% 351)(: '( )%

0%'!%1*G )- )  '% 0%'!%1* &()- "(3%!*(.! 1 '/%' )- ! J7 L! )-%*% # *%* '%*51)* 4.' $(: '( )% GL+
*) )(*)(#* &.51" !.) $% *5T#(%!)7

UE



 ! GL"#$%$&#$&'#

 !"! # $%&%'() *%&+'() ,-.-+ /0%1'%.

 !"#$ #$%&'&(% )*&$ +,$(#-&'#$. GL/(%"%#(%#+( ,' #$ .&$&'"0 +0"((&( ,1 (%"%#(%#+( #( %*&#' "(2!3/
%,%#+ 4&*"5#,6'7 8& *"5& %, 9$,) %*& 0#!#% -#(%'#46%#,$ %, &(%"40#(* +,$:-&$+& #$%&'5"0( ,'; )*&$

+,$(#-&'#$. %&(% (%"%#(%#+(; %*& +"(& ,1 '&<&+%#,$ ,1 %*& *23,%*&(#(7

=&'>#$. ?@ABCD "0'&"-2 *"( (*,)$ ,$& ,1 %*& 9&2 %,,0( 1,' 3',5#$. " E&$%'"0 F#!#% G*&,'&! 1,'

GL/(%"%#(%#+(7 G*& &'',' %&'! T (Hn)− T (HF ) $,'!"0#H&- )#%*
√
n +"$ 4& "33',I#!"%&- 42 %*&

(, +"00&- :'(%/,'-&' JK%&"6I/-#L&'&$%#"0 ?+17 =&'>#$. ?@ABMDD

d1T (HF ;Hn −HF ) = −
∫ ∞

−∞
(Hn(y)−HF (y)) J(HF (y))dy +

d∑

i=1

ai
pi −Hn(H

−1
F (pi))

hF (H
−1
F (pi))

.

N$ .&$&'"0 %*& JK%&"6I/-#L&'&$%#"0 ,1 ,'-&' k #( -&:$&- "(

dkT (F ;G− F ) =
dk

dλk
T (F + λ(G− F ))

∣
∣
∣
∣
λ=0

"$- #( " .&$&'"0#("%#,$ ,1 %*& +0"((#+"0 -#L&'&$%#"0 %, #$:$#%& -#!&$(#,$"0 (3"+&(7

 !"#$% &'(' E0,(&02 '&0"%&- %, %*& JK%&"6I/-#L&'&$%#"0 #( %*&  !"#$!%$ %#&'$7 O&!&!4&' %*"%

%*& #$>6&$+& +6'5& #( -&:$&- "(

IC(x;F, T ) =
d

dλ
T (F + λ(δx − F ))

∣
∣
∣
∣
λ=0

,

)*&'& δx #( %*& -#(%'#46%#,$ 16$+%#,$ +,''&(3,$-#$. %, " 6$#% 3,#$% !"(( "% x ?(&& =&+%#,$ PD7
G*"% #(; )& (#!302 '&30"+& G 42 δx #$ %*& -&:$#%#,$ ,1 %*& JK%&"6I/-#L&'&$%#"07 Q,' 16$+%#,$"0(
,1 %*& 1,'!

T (F ) =

∫ 1

0
F−1(t)J(t)dt

=&'>#$. ?@ABCD *"( (*,)$ %*"% %*& #$>6&$+& +6'5& (#!30#:&( %,

IC(x;F, T ) = −
∫ ∞

−∞

(
 [x≤y] − F (y)

)
J(F (y))dy.

8& )#00 (&& 0"%&' ,$ %*"% "0(, %*& "(2!3%,%#+ 5"'#"$+& ,1 GL/(%"%#(%#+( +"$ 4& &I3'&((&- #$ %&'!(
,1 %*& #$>6&$+& +6'5&7

G, (*,) %*"% %*& "33',I#!"%#,$ "4,5& #( 5"0#-; =&'>#$. ?@ABCD 6(&- %), !"#$ '&(60%(7 G*&(& "'&

#!3,'%"$%; "( %*&2 !"9& %*& 3',,1 ,1 %*& E&$%'"0 F#!#% G*&,'&! 3,((#40&7 G*&'&1,'&; )& )"$%

%, (*,) #$ (*,'% (%&3( *,) %*& "33',I#!"%#,$ ,1 =&'>#$. ?@ABCD ),'9(7

Q#'(%; (30#% %*& %&'! T (HF ) #$%, #%( +,$%#$6,6( "$- #%( -#(+'&%& 3"'%;

T (HF ) =

∫ 1

0
H−1

F (t)J(t)dt+
d∑

i=1

aiH
−1
F (pi) = T1(HF ) + T2(HF )

"$- "$"0,.,6(02 1,' T (Hn) = T1(Hn) + T2(Hn)7 R,'&,5&'; )& -&:$& ∆i,n = Ti(Hn)− Ti(HF )−
d1Ti(HF ;Hn −HF ) )#%* i = 1, 2 "$- K(t) =

∫ t
0 J(y)dy7

SC



 !"! # $%&%'() *%&+'() ,-.-+ /0%1'%.

 !"#

∆1,n = T1(Hn)− T1(HF )− d1T1(HF ;Hn −HF )

= −
∫ ∞

−∞

(∫ Hn(y)
0 J(t)dt−

∫ HF (y)
0 J(t)dt

Hn(y)−HF (y)
− J(HF (y))

)

︸ ︷︷ ︸

=:WHn,HF
(y)

(Hn(y)−HF (y)) dy

=

{

−
∫∞
−∞WHn,HF

(y) (Hn(y)−HF (y)) dy , $%&&' Hn 6= HF

0 , $%&&' Hn = HF ,

(')#* +",,% -. /$ 0//' 1-23245 6/7 8!"9" %9" 87/ :/'');&" 7%<' /$ %''"'')#* ∆1,n= &"%>)#* 8/

87/ >)?"9"#8 %''(,:8)/#' )# 8!" @"#89%& +),)8  !"/9",5 A(" 8/ B/,:&"8"#"'' 7" 7%#8 8/ '!/7

;/8! :/'');)&)8)"' 8!/(*! /#&< 8!" C9'8 /#" )' ('"> )# 8!" :9//$5

D9/E)#* ")8!"9

|∆1,n| ≤ ‖WHn,HF
‖L1 · ‖Hn −HF ‖∞

/9

|∆1,n| ≤ ‖WHn,HF
‖∞ · ‖Hn −HF ‖L1 .

%#>

1)4 $/9 WHn,HF
(y) =

(
∫Hn(y)
0 J(t)dt−

∫HF (y)
0 J(t)dt

Hn(y)−HF (y) − J(HF (y))

)

)8 !/&>' 8!%8

‖WHn,HF
‖L1 = op(1) %#> %>>)8)/#%&&< ‖Hn −HF ‖∞ = Op(n

− 1
2 )

/9

1)4F ‖WHn,HF
‖∞ = op(1) %#> ‖Hn −HF ‖L1 = Op(n

− 1
2 )=

9"':"B8)E"&<= 7" /;8%)#

√
n∆1,n

P→ 0.

G/9 8!" '"B/#> 8"9, ∆2,n 7" B%# ('" 8!" %''"'',"#8

∆2,n = T2(Hn)− T2(HF )− d1T2(HF ;Hn −HF )

=
d∑

i=1

ai

(

ξ̂pi,n − ξpi −
pi −Hn(ξpi)

hF (ξpi)

)

,

7!"9" ξpi )' 8!" *"#"9%&)H"> piIJ(%#8)&" %#> ξ̂pi,n )' 8!" ",:)9)B%& piIJ(%#8)&"5
K"9L)#* 1-2MN4 #/7 ('"' 8!" 9",%)#)#* 8"9, Rpi,n /$ 8!" 0%!%>(9I9":9"'"#8%8)/# /$ % J(%#8)&"

ξ̂pi,n 10%!%>(9 1-2OO44

ξ̂pi,n = ξpi +
pi −Hn(ξpi)

hf (ξpi)
+Rpi,n,

)$ F ′(ξpi) = f(ξpi) > 0= 7)8! Rpi,n = ξ̂pi,n − ξpi +
pi−Hn(ξpi )

hf (ξpi )
8/ '!/7 8!" B/#E"9*"#B" /$ ∆2,n5 P$

7" B%# %''(," 8!%8

(ii)
√
nRpi,n

P→ 0 $/9 %&& i = 1, . . . , d

QQ



 ! GL"#$%$&#$&'#

 !" #$%!& '() *+!'%!#+#$ , --%!& '()+.), /) &)'

√
n∆2,n

P→ 0.

0().)1+.)2

√
n(T (Hn)− T (HF )− d1T1(HF ;Hn −HF ))

P−→ 0,

%1 3%%4  !" 3%4 +. 3%45  .) 6 7%"8

9+/ '() .) $+! 1+. '(%$  --.+:%, '%+! ( $ ;))! '( ' '() <=') #:>"%?).)!'% 7 d1T (HF ;Hn−HF )
( $ $+,) ")$%. ;7) -.+-).'%)$8 @' * ! ;) /.%'')!  $ U >$' '%$'%* /%'( A).!)7

A(x1, . . . , xm) =−
∫ ∞

−∞

(
 [h(x1,...,xm)≤y] −HF (y)

)
J(HF (y))dy

+

d∑

i=1

ai
pi −  [h(x1,...,xm)≤H−1

F (pi)]

hF (H
−1
F (pi))

.

B)!*)2 %1 /) * ! )$' ;7%$(  C)!'. 7 D%,%' 0()+.), 1+. U >$' '%$'%*$2 /)  #'+, '%* 77E ( 6) '()

*+!6).&)!*) +1 d1T (HF ;Hn −HF )8

F77 '()$) *+!$%"). '%+!$ , ") 1+. (T (Hn) − T (HF )) * ! ;) $#,, .%G)" %! '() C)!'. 7 D%,%'

0()+.),8 H) / !' '+ ),-( $%G) '( ' #- '+ !+/ !+  $$#,-'%+!$ +! '() ")-)!")!*) $'.#*'#.)

( 6) ;))! , ")8 0()  --.+:%, '%+!$  !" *+!6).&)!*)$  ;+6) * ! ;) -.+6)" /%'(+#' $#*(

 $$#,-'%+!$  !" +!7E %! '() -.++1 +1 3%42 3%%4 +. '() C)!'. 7 D%,%' 0()+.), 1+. U >$' '%$'%*$

")-)!")!*E /%77 -7 E  *.#*% 7 .+7)8 0(%$ , A)$ '() 1+77+/%!& 1+.,#7 '%+! +1  &)!). 7 C)!'. 7

D%,%' 0()+.), -+$$%;7)8

 !"#$"% &'('  !" X1, . . . , Xn #! $%&'() *%$+%#,!- .+"/ '+-"$+#0"+(& 10&2"+(& F %&' ,!"

h(x1, . . . , xm) #! % 3!$&!, .+"/ '+-"$+#0"+(& 10&2"+(& HF %&' $!,%"!' '!&-+"4 hF > 05 6($!(*!$7 ,!"
Hn #! "/! !)8+$+2%, '+-"$+#0"+(& 10&2"+(& (1 h %&' T (Hn) % GL9:"%"+-"+3 .+"/ 3!$&!, h7 #(0&'!'
10&2"+(& J %&' .!+;/"- pi, ai7 i = 1, . . . , d5
<1 "/! 1(,,(.+&; %--0)8"+(&- =+> ($ =+>?7 =++> %&' =+++> %$! *%,+' .+"/

=+> @($ WHn,HF
(y) =

(
∫Hn(y)
0 J(t)dt−

∫HF (y)
0 J(t)dt

Hn(y)−HF (y) − J(HF (y))

)

+" /(,'- "/%"

‖WHn,HF
‖L1 = op(1) %&' ‖Hn −HF ‖∞ = Op(n

− 1
2 )5

($

=+>? <" +- ‖WHn,HF
‖∞ = op(1) %&' ‖Hn −HF ‖L1 = Op(n

− 1
2 )5

=++> @($ "/! $!)%+&+&; "!$) (1 "/! ;!&!$%,+A!' B%/%'0$9$!8$!-!&"%"+(& (1 %& !)8+$+2%, C0%&"+,!

Rpi,n = ξ̂pi,n − ξpi +
pi−Hn(ξpi )

hf (ξpi )
+" /(,'- "/%"

Rpi,n = op(n
− 1

2 ).

=+++> @($ % U 9-"%"+-"+2 .+"/ 3!$&!,

A(x1, . . . , xm) =−
∫ ∞

−∞

(
 [h(x1,...,xm)≤y] −HF (y)

)
J(HF (y))dy

IJ



 !"! #$%$& '()*+)%, -*+ GL./&0&$,&$1, 234)+ 5)6)34)31)

+

d∑

i=1

ai
pi −  [h(x1,...,xm)≤H−1

F (pi)]

hF (H
−1
F (pi))

 ! "#$%& !"'!

√
n(Un(A)− θ)

D→ N(0, σ2),

(")*) θ  & '&  + ,)-+ ! #+ ./01 !")+ () "'2) !"'!

√
n (T (Hn)− T (HF ))

D→ N(0, σ2).

 !"#$% &'('  !"#$" %&'()" '*#' +" ,& %&' $-")(./ '*" $'01)'10" &. '*" #$/2-'&'() 3#0(#%)" σ4
5' ,"-"%,$ 21)* &% '*" ,"-"%,"%)" $'01)'10" &. '*" 0#%,&2 3#0(#6!"$ #%, ($ ,"'"02(%", 6/ '*"

7"%'0#! 8(2(' 9*"&0"2 &. U :$'#'($'()$4 ; $-")(<) %&'#'(&% )#% 6" .&1%, (% '*" 7"%'0#! 8(2('

9*"&0"2$ (% =")'(&% >4?4

@&+ +" )&%)0"'" &10 #$$12-'(&%$ &% '*" ,"-"%,"%)" $'01)'10" &. '*" 0#%,&2 3#0(#6!"$4

 !"! #$%$& '()*+)%, -*+ GL./&0&$,&$1, 234)+ 5)6)34)31)

 !"!#! $%&'(%)*(+ &, )-( .(%/(0 A

9*" .&!!&+(%A !"22# $'#'"$ '*0"" &. '*" 2&$' .1%,#2"%'#! -0&-"0'("$ &. '*" B"0%"! A (% 9*"&0"2

>4CD +*()* ,"'"02(%"$ '*" #$/2-'&'() 6"*#3(&10 &. # GL:$'#'($'()4 9*" <0$' '+& -0&-"0'("$ *#3"
#!0"#,/ 6""% $*&+% 6/ E($)*"0 FGHC?I 0"$-")'(3"!/ E($)*"0 "' #!4 FGHCJ#I #%, #0" &%!/ 2"%'(&%",

,1" '& )&2-!"'"%"$$4

)!""# &'*' 3)! X1, . . . , Xn 4) ' &)56)+7) #8 *'+%#9 2'* '4$)& ( !" % &!* 46! #+ 86+7! #+ F
'+% $)! h(x1, . . . , xm) 4) ' 3 :&7" !;<7#+! +6#6& =)*+)$ ( !" % &!* 46! #+ 86+7! #+ HF '+% *)$'!)%

%)+& !> 0 < hF < ∞ '+% 8#* '$$ 2 ≤ k ≤ m '+% '$$ i1 < i2 < . . . < im $)! hF ;Xi2
,...,Xik

4)

4#6+%)%/ ?#*)#2)*1 $)! J 4) ' 86+7! #+ ( !" J(t) = 0 8#* t /∈ [α, β] 1 0 < α < β < 11 '+%  +

[α, β] $)! J 4) 4#6+%)% '+% '/)/ 7#+! +6#6& 7#+7)*+ +@ !") 3)4)&@6)<9)'&6*) '+% '/)/ 7#+! +6#6&

7#+7)*+ +@ H−1
F / A")+ !") =)*+)$ A *)$'!)% !# !") GL<&!'! &! 7 T (Hn) ( !"

A(x1, . . . , xm) =−
∫ ∞

−∞

(
 [h(x1,...,xm)≤y] −HF (y)

)
J(HF (y))dy

+
d∑

i=1

ai
pi −  [h(x1,...,xm)≤H−1

F (pi)]

hF (H
−1
F (pi))

"'& !") 8#$$#( +@ !"*)) :*#:)*! )&

B C A  & 4#6+%)%

B  C A 86$-$& !") )D!)+%)% 2'* '! #+ 7#+% ! #+

B   C A 86$-$& !") L2<2'* '! #+ 7#+% ! #+/

E*##8/

;$ 2"%'(&%", #6&3" '*" <0$' '+& -0&-"0'("$ *#3" 6""% $*&+% 6/ E($)*"0 "' #!4 FGHCJ#I #%, #0"

'*"0".&0" &2(''",4

>K



 ! GL"#$%$&#$&'#

 !" #"!#$"%& '((() *$ +,$ %-.%

√
√
√
√

E

(

sup
‖(x1,...,xm)−(X′

1,...,X
′
m)‖≤ǫ

|A(x1, . . . , xm)−A(X ′
1, . . . , X

′
m)|
)2

=

(

E

(

sup
‖(x1,...,xm)−(X′

1,...,X
′
m)|≤ǫ

∣
∣
∣
∣
∣
−
∫ ∞

−∞
( [h(x1,...,xm)≤y] −HF (y))J(HF (y))dy

+

∫ ∞

−∞
( [h(X′

1,...,X
′
m)≤y] −HF (y))J(HF (y))dy

+
d∑

i=1

ai
pi −  [h(x1,...,xm)≤H−1

F (pi)]

hF (H
−1
F (pi))

−
d∑

i=1

ai
pi −  [h(X′

1,...,X
′
m)≤H−1

F (pi)]

hF (H
−1
F (pi))

∣
∣
∣
∣
∣

)2) 1
2

≤

√
√
√
√

E

(

sup
‖(x1,...,xm)−(X′

1,...,X
′
m)‖≤ǫ

∣
∣
∣
∣
∣

∫ ∞

−∞
( [h(x1,...,xm)≤y] −  [h(X′

1,...,X
′
m)≤y])J(HF (y))dy

∣
∣
∣
∣
∣

)2

+

√
√
√
√

E

(

sup
‖(x1,...,xm)−(X′

1,...,X
′
m)‖≤ǫ

∣
∣
∣
∣
∣

d∑

i=1

ai
 [h(x1,...,xm)≤H−1

F (pi)]
−  [h(X′

1,...,X
′
m)≤H−1

F (pi)]

hF (H
−1
F (pi))

∣
∣
∣
∣
∣

)2

.

/-$,$ %$"0, 1.2 2!* 3$ %"$.%$4 ,$#.".%$5& .24 .2.5!6!+, %! %-$ #"!!7 !7 %-$ $8%$24$4 9."(.%(!2

1!24(%(!2 (2  (,1-$" $% .5: ';<=>.):  !" %-$ ?",% %$"0 *$ !3%.(2

E

(

sup
‖(x1,...,xm)−(X′

1,...,X
′
m)‖≤ǫ

∣
∣
∣
∣
∣

∫ ∞

−∞
( [h(x1,...,xm)≤y] −  [h(X′

1,...,X
′
m)≤y])J(HF (y))dy

∣
∣
∣
∣
∣

)2

≤ E

(

sup
t∈R

∣
∣
∣ [h(X′

1,...,X
′
m)∈(t−L̃ǫ,t+L̃ǫ)]

∣
∣
∣

∣
∣
∣
∣
∣

∫ ∞

−∞
J(HF (y))dy

∣
∣
∣
∣
∣

)2

≤ E

(

sup
t∈R

∣
∣
∣ [h(X′

1,...,X
′
m)∈(t−L̃ǫ,t+L̃ǫ)]

∣
∣
∣C

)2

≤ C sup
t∈R

∣
∣
∣E( [h(X′

1,...,X
′
m)∈(t−L̃ǫ,t+L̃ǫ)])

2
∣
∣
∣

≤ C sup
t∈R

|P(h(X ′
1, . . . , X

′
m) ∈ (t− L̃ǫ, t+ L̃ǫ))|

≤ C

(

sup
x∈R

hF (x)

)

2L̃ǫ ≤ Lǫ

+,(26 %-$ 3!+24$42$,, !7 |
∫∞
−∞ J(HF (y))dy| .24 hF : /-$ ,$1!24 %$"0 (, %"$.%$4 .2.5!6!+,5&

.24 !0(%%$4 -$"$:

/-$"$7!"$@

√
√
√
√

E

(

sup
‖(x1,...,xm)−(X′

1,...,X
′
m)‖≤ǫ

|A(x1, . . . , xm)−A(X ′
1, . . . , X

′
m)|
)2

≤ 2
√
Lǫ

.24

E

(

sup
‖(x1,...,xm)−(X′

1,...,X
′
m)‖≤ǫ

|A(x1, . . . , xm)−A(X ′
1, . . . , X

′
m)|
)2

≤ L′ǫ

AB



 !"! #$%$& '()*+)%, -*+ GL./&0&$,&$1, 234)+ 5)6)34)31)

 !" "# $%# $&'# (! )!%*+'$(# (,# -#.(%$' /0*0( 1,#!%#*2

 !"!#! $%&'()* +,-,' ./%0(%-

/#( +3 .!" 34#50)6 (,# %#3+'( !) 1,#!%#* 728 )!% .#$% #4!5, 9#4#.9#.( %$.9!* :$%0$&'#3 !.

$&3!'+(#'6 %#;+'$% 4%!5#33#32 <.9#% 0.9#4#.9#.5# (,03 %#3+'( ,$3 &##. 4%!:#9 &6 =#%>0.; ?8@ABCD

3!*# !) (,# '#**$($ 5$. $'3! &# )!+.9 0. -,!+9,+%6 $.9 =#%>0.; ?8@AAC2 <.9#% 3(%!.; *0E0.;

$. $.$'!;!+3 %#3+'( 5$. &# )!+.9 0. F035,#% #( $'2 ?GH8I$C2 J# "$.( (! #*4,$30K# (,$( (,# %#3+'(

03 #E4'050('6 3($(#9 )!% *+'(0:$%0$(# L#%.#'32 M#3+'(3 )!% &0:$%0$(# GLN3($(03(053 +.9#% 3(%!.;
*0E0.; $.9 .#$% #4!5, 9#4#.9#.5# 5$. $'3! &# )!+.9 0. J#.9'#% ?GH8GC2

 !"#$"% &'('  !" h(x1, . . . , xm) #! $  %&'()%"*+(,-"%-.,.' /!0-!1 2%") 3%'"0%#."%,- 4.-("%,- HF

$-3 0!1$"!3 3!-'%"5 0 < hF < ∞ $-3 4,0 $11 2 ≤ k ≤ m $-3 $11 i1 < i2 < . . . < im 1!" hF ;Xi2
,...,Xik

#! #,.-3!36 7,0!,8!09 1!" J #! $ 4.-("%,- 2%") J(t) = 0 4,0 t /∈ [α, β] 9 0 < α < β < 19 $-3 %-
[α, β] 1!" J #! #,.-3!3 $-3 $6!6 (,-"%-.,.' (,-(!0-%-: ")!  !#!':.!+;!$'.0! $-3 $6!6 (,-"%-.,.'

(,-(!0-%-: H−1
F 6 <33%"%,-$1159 1!" X1, . . . , Xn #! =>? 2%") $&&0,@%;$"%,- (,-'"$-"' (al)l∈N ,-

$- $#',1."!15 0!:.1$0 &0,(!'' (Zn)n∈Z 2%") ;%@%-: (,!A(%!-"' (β(l))l∈N 2%")

∑∞
l=1 l

2β(l)
γ

2+γ < ∞
4,0 $ 0 < γ < 16 7,0!,8!09 1!" #!

∑∞
l=1 l

2a
γ

2+2γ

l < ∞6 B)!- 4,0 GL+'"$"%'"%(' T (Hn) %" ),13' ")$"

√
n (T (Hn)− T (HF ))

D−→ N(0, σ2
GL),

2)!0!

σ2
GL =m2

(
 !" (E (A(Y1, . . . , Ym)|Y1 = X1))

+ 2

∞∑

j=1

#$% (E (A(Y1, . . . , Ym)|Y1 = X1) ,E (A(Y1, . . . , Ym)|Y1 = Xj+1))
)

&'() '*+,-,*+,*( .$-',/ Y1, . . . , Ym $0 X1 !*+

A(x1, . . . , xm) =−
∫ ∞

−∞

(
 [h(x1,...,xm)≤y] −HF (y)

)
J(HF (y))dy

+

d∑

i=1

ai
pi −  [h(x1,...,xm)≤H−1

F (pi)]

hF (H
−1
F (pi))

.

 !"#$% &'('  !"# $%%&'()*+, )+ (-+." )/*% )/"+-"' *% )/" 0+&,1"1,"%% +2 J +, [α, β] $,1
)/$) )/" 2&,3)*+, .$,*%/"% +&)%*1" +2 )/" *,)"-.$45 6/*% '$!"% *) (+%%*04" )+ (-+." $%%&'()*+,

7*8 9*.", *, :"3)*+, ;5<5 =, )/*% >+-! >" >*44 4*'*) )/" (-++2% )+ )/*% 3$%"? %*,3" *) *% )/" -"4".$,)

+," *, -+0&%) %)$)*%)*3%? $% >" >*44 (-+." *, :"3)*+, ;5@5 A"."-)/"4"%%? (-+.*,9 $%%&'()*+, 7*8B

*,%)"$1 +2 7*8 $,1 &%*,9 )/" -"%("3)*." C",)-$4 D*'*) 6/"+-"' 2+- U E%)$)*%)*3% >*)/ &,0+&,1"1
!"-,"4 76/"+-"' @5<8 '$!"% *) (+%%*04" )+ "F)",1 )/" .$4*1 2&,3)*+,% +2 J )+ &,4*'*)"1 2&,3)*+,%
3+,)*,&+&% +, [0, 1] 7%"" :"-G*,9 7HIJ@885

 % *, )/" 3$%" +2 U E%)$)*%)*3%? )+ &%" )/*% )/"+-"' 2+- "F$'(4" 2+- 3+,K1",3" *,)"-.$4% *, $((4*3$E

)*+,% 4*!" /#1-+4+9#? )/" (-+04"' $-*%"% /+> )+ /$,14" )/" $%#'()+)*3 .$-*$,3" σ2
GL5 A+-'$44#?

*) *% &,!,+>, 1&" )+ )/" &,!,+>, 3+,1*)*+,$4 "F("3)"1 .$4&"% $,1 )/" &,!,+>, 1*%)-*0&)*+,5

6/"-"2+-"? *) *% ,"3"%%$-# )+ K,1 $, "%)*'$)+- 2+- σ2
GL5 6/" 2+44+>*,9 3+-+44$-# 34+%"% )/*% 9$(5

=) *% %)$)"1 2+- ALM 0&) *) *% $4%+ (+%%*04" )+ %/+> $, $,$4+9+&% -"%&4) &,1"- %)-+,9 '*F*,9 %&3/

)/$) *) *% $((4*3$04" 2+- )/" )/"+-"' +2 N*%3/"- ") $45 7<OHP$85

;I



 ! GL"#$%$&#$&'#

 !"!##$"% &'('  !" h : Rm → R #! $  %&'()%"*+(,-"%-.,.' /!0-!12

3,0!,4!05 1!" (Xn)n∈N #! 678 9%") $&&0,:%;$"%,- (,-'"$-"' (al)l∈N ,- $- $#',1."!1< 0!=.1$0

&0,(!'' (Zn)n∈Z 9%") ;%:%-= (,!>(%!-"' (β(l))l∈N $-? 1!" $ δ > 11 !:%'"5 '.() ")$"
∑∞

l=1 lβ
2/(2+δ)(l) < ∞ $-? al = O

(
l−δ−3

)
2 @)! 9!%=)" A.-("%,- κ $-? ")! #$-?9%?") bn '),.1?

A.1B1 C''.;&"%,- D2E2 @)!- %" ),1?' A,0 ")! 1,-=+0.- 4$0%$-(! !'"%;$",0 σ̂2
GL ")$"

σ̂2
GL

P−→ σ2
GL A,0 n → ∞

9)!0!

σ̂2
GL =

n−1∑

r=−(n−1)

κ

( |r|
bn

)
1

n

n−|r|
∑

i=1

Â1(Xi)Â1(Xi+|r|),

9%")

Â1(x) =
1

nm−1

∑

1≤i1<...<im−1≤n

A(x,Xi1 , . . . , Xim−1)−
1

nm

∑

1≤i1<...<im≤n

A(Xi1 , . . . , Xim)

#!%-= ")! !'"%;$",0 A,0 ")! B0'" "!0; ,A ")! F,!G?%-=+?!(,;&,'%"%,- ,A A2

 !" #$%%&' ($" )*+", *, -!" &%..%/*,) '"0-*%,1

 !"!"! #$%%&'

H0,,A ,A @)!,0!; I2J2

2"0(3'" %& -!" 0%,'*4"$(-*%,' *, 5"0-*%, 617 (,4 -!" $"'3.-*,) )","$(. .*8*- -!"%$"8 &%$ GL9
5-(-*'-*0' : !"%$"8 61;< *- $"8(*,' -% '!%/ -!" -!$"" 0%,4*-*%,' *, -!" '#"0*(. 0('" %& ,"($ "#%0!

4"#",4",- 4(-(1  !(- *'=

:*< >%$ WHn,HF
(y) =

(
∫Hn(y)
0 J(t)dt−

∫HF (y)
0 J(t)dt

Hn(y)−HF (y) − J(HF (y))

)

!%.4'

‖WHn,HF
‖L1 = op(1) (,4 *- *' ‖Hn −HF ‖∞ = Op(n

− 1
2 )1

:**< >%$ -!" $"8(*,4"$ -"$8 Rpi,n = ξ̂pi,n− ξpi +
pi−Hn(ξpi )

hf (ξpi )
%& -!" 2(!(43$ $"#$"'",-(-*%, %& (,

"8#*$*0(. ?3(,-*." *- !%.4' -!(-

Rpi,n = op(n
− 1

2 ).

:***< >%$ ( U 9'-(-*'-*0 /*-! @"$,".

A(x1, . . . , xm) =−
∫ ∞

−∞

(
 [h(x1,...,xm)≤y] −HF (y)

)
J(HF (y))dy

+
d∑

i=1

ai
pi −  [h(x1,...,xm)≤H−1

F (pi)]

hF (H
−1
F (pi))

/" !(+"

√
n(Un(A)− θ)

D−→ N(0, σ2).

AB



 !"! #$%&'()*'' $+ GL,'(-(.'(./'

 ! "# $%& '(!& )* !$+)#, -"."#, ')#/"$")# 0"1 "! *23433&/ 2!"#, 5&--( 678797 )* :&+;"#, 0<=6>1

(#/ ?)+)33(+@ 97<7 ?)#/"$")# 0""1 '(# A& B+)C&/ A@ D%&)+&- 97E7

F$ +&-("#! $) !%)G $%($ ')#/"$")# 0"""1 "! !($"!4&/7 H)+ $%"! G& (BB3@ D%&)+&- 97<7  ,("#I $%&

')#/"$")#! )# $%& ')&J'"&#$! al (#/ β(l) (+& *23433&/ A@ $%& (!!2-B$")#!I !"-"3(+ $) ?)+)33(+@
97<7 D%& (!!2-B$")#! )# $%& K&+#&3 (+& *23433&/ A&'(2!& )* 5&--( E7<7

 !""# "# $"!"%%&!' ()*)

 ! G& %(C& -&#$")#&/ A&*)+&I $%& &++)+ $&+- T (Hn)−T (HF ) '(# A& (BB+)."-($&/ A@ ( U L!$($"!$"'
G"$% K&+#&3 A7 D%"! 3&(/! $) $%& !B&'"(3 !$+2'$2+& )* σ2

GLI A&"#, !"-"3(+ $) $%($ )* ( 3)#,L+2#

C(+"(#'& )* U L!$($"!$"'!7 D%&+&*)+&I G& G(#$ $) (BB3@ D%&)+&- 97M $) B+)C& $%"! ?)+)33(+@7 F$

)#3@ +&-("#! $) !%)G $%& (!!2-B$")#! )# $%& K&+#&3 A7 D%&!& (+& *23433&/ A&'(2!& )* 5&--(
E7<7

 !"! #$%&'()*'' $+ GL,'(-(.'(./'

F# $%"! !&'$")# G& G(#$ $) !%)G 2#/&+ G%"'% (!!2-B$")#! ( GLL!$($"!$"' "! +)A2!$ ('')+/"#, $)
$%& "#;2&#'& *2#'$")# (#/ $%& A+&(K/)G# B)"#$7

N& %(C& (3+&(/@ !&&# $%($ $%& "#;2&#'& *2#'$")# '(# A& )A$("#&/ A@ +&B3('"#, Hn G"$% $%&

B)"#$-(!! "# $%& OP$&(2. /"Q&+&#$"(37 D%($ "!I $%& "#;2&#'& *2#'$")# )* ( GLL!$($"!$"' "! ,"C&#
A@

IC(x1, . . . , xm;Hn, T )

=
d

dλ
T (Hn + λ(δx −Hn))

∣
∣
∣
∣
λ=0+

= −
∫ ∞

−∞

(
 [h(x1,...,xm)≤y] −HF (y)

)
J(HF (y))dy +

d∑

i=1

ai
pi −  [h(x1,...,xm)≤H−1

F (pi)]

hF (H
−1
F (pi))

= A(x1, . . . , xm).

D%"! "! A)2#/&/ 2#/&+ $%& ')#/"$")#! )* $%& ?&#$+(3 5"-"$ D%&)+&- E78 (#/ $%&+&*)+& GLL
!$($"!$"'! G"$% A)2#/&/ !-))$% G&",%$"#, *2#'$")# J C(#"!%"#, )2$!"/& (0, 1) (+& +)A2!$7
D%& A+&(K/)G# B)"#$ )* ( GLL!$($"!$"' /&B&#/! -2'% )# $%& '%)!&# ')&J'"&#$!7 H)+ &.(-B3&I
*)+ LL!$($"!$"'! "$ "! K#)G# $%($ $%&@ %(C& ( A+&(K/)G# B)"#$ &R2(3 $) $%& )+/&+ !$($"!$"' '3)!&!$
$) $%& -"#"-2- )+ -(."-2-7 S&#'&I $%& -&/"(# %(! A+&(K/)G# B)"#$ 0 (#/ $%& αL$+"--&/
-&(# %(! ( A+&(K/)G# B)"#$ )* α 0!&& &7,7 S2A&+ 0<=6<117 :B&'"(3 *)+-! )* GLL!$($"!$"'! G"$%
K&+#&3! h(x1, x2) = |x1 − x2| )+ h(x1, x2) = (x1 − x2)

2
')++&!B)#/"#, $) !'(3& &!$"-($)+! %(C& (

A+&(K/)G# B)"#$ /&B&#/"#, )# $%& ')&J'"&#$! ai7 T)2!!&&2G (#/ ?+)2. 0<==81 !%)G $%($ "#
$%"! '(!& $%& %",%&!$ A+&(K/)G# B)"#$! (+& )A$("#&/ *)+ ')&J'"&#$! ai = 0I "* i >

(
[n/2]+1

2

)
I (#/

"*

(
[n/2]
2

)
≤ i ≤

(
[n/2]+1

2

)
')&J'"&#$! G"$% ai > 07

U<





 ! "#$%&'(')*# (+ ,(-.#' /#')%0'(1# .2341

56(1'7,0284 94&42342*4

 !"#$ %#&#'()*+, "-# "-#($#"*./' 0/.1,$(2+% !($ / ,#+#$/' .'/33 (! 3"/"*3"*.3 4# 4/+" "( ,*&#

3#&#$/' .#$"/*+ /))'*./"*(+35 6+ "-# (+# -/+%7 / .(+.$#"# '*8*" "-#($#8 !($ 9*+#/$:8(8#+"3 /+%

"$*88#% 9*+#/$:8(8#+"3 *3 ,*&#+7 4-*.- /''(43 23 "( ./'.2'/"# .(+;%#+.# *+"#$&/'3 !($ )/$/8#"$*.

#3"*8/"($3 23#% *+ -<%$('(,<5 6+ "-# ("-#$ -/+%7 4# 4/+" "( 3-(4 &*/ 3"/"*3"*./' 3*82'/"*(+3

"-# &/'*%*"< (! "-# =#+"$/' 9*8*" >-#($#8 !($ "-# $(023" #3"*8/"($3 )$()(3#% *+ ?#."*(+ @5

 !"! L#$%&'()* +(, TL#$%&'()*

9*+#/$:8(8#+" 0/3#% #3"*8/"($3 /$# 4*%#'< 23#% *+ -<%$('(,< !($ "-# #3"*8/"*(+ (! %*3"$*02"*(+

)/$/8#"#$35  $(023" #A"#+3*(+ (! "-*3 .(+.#)" /$# "-# "$*88#% '*+#/$:8(8#+"35 B($ 0("-

/))$(/.-#3 '*8*" "-#($#83 4*'' 0# %#&#'()#% *+ "-# !(''(4*+,5

 !"!"! L#$%&'()*

>-# )$(0/0*'*"< 4#*,-"#% 8(8#+"3 CDEFG -/&# 0##+ %#&#'()#% 0< H$##+4((% #" /'5 CIJKJG

"( #A)$#33 )/$/8#"#$3 (! #/3*'< *+&#$"*0'# %*3"$*02"*(+3 0< 8(8#+"35  3 /+ /%&/+.#8#+" (! "-#

3"/+%/$% /+% "-# )$(0/0*'*"< 4#*,-"#% 8(8#+"3 L(31*+, CIJJMG 32,,#3"#% "-# 3( ./''#% 9*+#/$:

8(8#+"3 CL:8(8#+"3G7 4-*.- /$# #3"*8/"#% 0< / '*+#/$ .(80*+/"*(+ (! ($%#$ 3"/"*3"*.3 C"-/" *3
L:3"/"*3"*.3G5 N3#% /3 /+ #3"*8/"($ "-#< -/&# "-# /%&/+"/,# (! 0#*+, 3*8*'/$ "( /+% !($ 38/''
3/8)'#3 3(8#"*8#3 #&#+ 8($# #O.*#+" "-/+ "-# F/A*828:9*1#'*-((% #3"*8/"($ /+% /'3( 8($#

$(023" "-/+ "-# F(8#+" #3"*8/"($3 CL(31*+, CIJJMGG7 *+ "-# 3#+3# "-/" "-#< /$# '#33 #P#."#%

0< 3*+,'# #A"$#8# '/$,# ($ 38/'' &/'2#35 >-#< #A*3" *+ 3*"2/"*(+37 4-#$# "-# .'/33*./' 8(8#+"3

%( +(" #A*3" /+% $#)$#3#+" *+ .(+"$/3" "( "-# DEF "-# .-/$/."#$*3"*. &/'2#3 (! / 3/8)'# 32.-

/3 8#/+ ($ 3"/+%/$% %#&*/"*(+ 3"$/*,-"!($4/$%'<5 >-#$#!($#7 "-#< /$# 23#% 8($# !$#Q2#+"'< "-/+

"-# DEF 02" %#'*&#$ "-# 3/8# $#32'"35

L:8(8#+"3 /$# /8(+, "-# 8(3" !$#Q2#+"'< 23#% #3"*8/"($3 *+ -<%$('(,<7 3*+.# "-#< 3#$&# "-#
%#3*$# (! -/&*+, #O.*#+" #3"*8/"($3 !($ 38/'' 3/8)'# 3*R#3 /3 4#'' /3 #/3< 2+%#$3"/+%/0'# /+%

.(8)2"/"*(+/''< !/3" #A)$#33*(+35 L#+.#7 *+ (2$ .(+"#A" "-#< /$# (! 3)#.*/' *+"#$#3"5

9#" X 0# / $#/':&/'2#% $/+%(8 &/$*/0'# 4*"- .282'/"*&# %*3"$*02"*(+ !2+."*(+ F /+% Q2/+"*'#

!2+."*(+ x(F )5 >-# r:"- L:8(8#+" *3 %#;+#% /3

λr =
1

r

r−1∑

k=0

(−1)k
(
r − 1

k

)

EX(r−k:r), CS5IG

4-#$# X(i:n) *3 "-# i:"- &/'2# (! "-# ($%#$ 3"/"*3"*.3 (! / 3/8)'# X1, . . . , Xn %$/4+ !$(8 F /+%

r = 1, 2, . . .5 B($ #A/8)'#7 "-# ;$3" "4( L:8(8#+"3 /$# ,*&#+ 0<

λ1 = EX =

∫ 1

0
x(F )dF,

ST



 ! "#$%&'(')*# (+ ,(-.#' /#')%0'(1# .2341 56(1'7,0284 94&42342*4

λ2 =
1

2
E
(
X(2:2) −X(1:2)

)
=

∫ 1

0
x(F )(2F − 1)dF.

 !"#$%& '()*+, -." "-!/% 0-.0 λr 12$"0" 3!4 r = 1, 2, . . . $3 .%5 !%67 $3 E|X| 12$"0"8

9!4 0-1 L:;!;1%0" 0/! 5$<141%0 1"0$;.0!4" -.=1 >11% ?4!?!"15 >7  !"#$%& '())@,8 A-1 B4"0
!%1 $" 0-1 "!:C.6615 ".;?61 L:;!;1%0 51B%15 >7

lr =
1
(
n
r

)

∑

1≤i1<...<ir≤n

r−1
r−1∑

k=0

(−1)k
(
r − 1

k

)

x(ir−k:n)

=

r−1∑

k=0

(−1)r−1−k

(
r − 1

k

)(
r − 1 + k

k

)
1

n

1
(
n−1
k

)

n∑

j=k+1

(
j − 1

k

)

x(j:n)

=:
r−1∑

k=0

p⋆r−1,k

1

n

1
(
n−1
k

)

n∑

j=k+1

(
j − 1

k

)

x(j:n).

D%.6!&!E"67F /1 51%!01 bk = 1
n

1

(n−1
k )

∑n
j=k+1

(
j−1
k

)
x(j:n) ." 0-1 ".;?61 1"0$;.0!4 3!4 0-1 r:0-

GHI βr 'J411%/!!5 10 .68 '()K),, /$0-

βr = E (X(F (X)r) .

L0 $" 1."7 0! "11 0-.0 lr $" . U :"0.0$"0$C .%5 0-1413!41 ."7;?0!0$C.667 %!4;.6 E%514 $%51?1%51%C1
.%5 "-!40:4.%&1 51?1%51%C18 D55$0$!%.667F lr $" !3 C!E4"1 .% E%>$."15 1"0$;.0!4 3!4 λr8

D%!0-14 1"0$;.0!4 $" &$=1% >7 0-1 E"1 !3 0-1 "!:C.6615 ?6!00$%& ?!"$0$!%"8 G6!00$%& ?!"$0$!%" pi:nF
i = 1, . . . , nF .41 5$"04$>E0$!%:3411 1"0$;.0!4" !3 F (x(i:n))8 A-1 &1%14.6 3!4;E6. $" &$=1% >7

pi:n =
i+ γ

n+ δ
, i = 1, . . . , n,

/-141 δ > γ > −18 A-141 .41 . 6!0 !3 5$<141%0 C-!$C1" E"15 3!4 δ .%5 γ8 A-1 C6.""$C.6 !%1F .6"!
C.6615 H1$>E66:3!4;E6.F $" pi:n = i/(n+ 1)8  !"#$%& '())@, .6"! ?4!?!"1" pi:n = (i− 0.35)/n8
A-1"1 ?6!00$%& ?!"$0$!%" .41 0-1% E"15 $% 0-1 ?6!00$%&:?!"$0$!% 1"0$;.0!4 ." 3!66!/"8

λ̃r =
1

n

n∑

i=1

P ⋆
r−1(pi:n)x(i:n),

/$0- P ⋆
r (x) =

∑r
k=0(−1)r−k

(
r
k

)(
r+k
k

)
xk =

∑r
k=0 p

⋆
r,kx

k
>1$%& 0-1 r:0- "-$3015 M1&1%541:?!67%!;$.68

A-$" 1"0$;.0!4 $" .% L:"0.0$"0$C /$0- ci,n = P ⋆
r−1(pi:n)8

D&.$%F /1 C.% .6"! E"1 .% 12?41""$!% >7 0-1 ?6!00$%& ?!"$0$!% 1"0$;.0!4" 3!4 0-1 GHIF β̃r =
1
n

∑n
i=1

(
i+γ
n+δ

)r
x(i:n) =

1
n

∑n
i=1

∑r
k=0 grk(γ)(i−1)(i−2)·...·(i−r+k)

(n+δ)r x(i:n)Fk = 1, . . . , r − 1F

λ̃r =
r−1∑

k=0

p⋆r−1,kβ̃k.

N!0- 1"0$;.0!4" .41 C6!"167 416.0158 L% 3.C0F lr − λ̃r = Op(1/n) $3 EXi < ∞ ." ?!$%015 !E0 >7

 !"#$%& '()*+,8 H1 /.%0 0! &$=1 . "-!40 "#10C- !3 0-1 ?4!!3 !3  !"#$%& '()*+, 3!4 0-$" $51%0$07

0! "-!/ 0-.0 $0 5!1" %!0 51?1%5 !% 0-1 51?1%51%C1 "04EC0E41 !3 0-1 Xi8

+O



 !"! L#$%&'()* +(, TL#$%&'()*

 ! "# $%& !## '( )*# #+,-#!!./&! /0 )*# L12/2#&) #!).2%)/-! '( )*# 3451#!).2%)/-! .) .!
!67$.#&) )/ !*/" )*%)

br − β̃r = Op

(
1

n

)

.

8/- )*.! "# "%&) )/ #+,-#!! β̃r '( % !62 /0 bs9 s = 1, . . . , r:
;) .! *#<,06< )/ #+,-#!! )*# =#&/2.&%)/- /0 )*# ,</)).&> ,/!.)./& %! )*# !62 /?#- 0%$)/-.%<!

(i+ γ)r =
r∑

k=0

grk(γ)(i− 1)(i− 2) · . . . · (i− r + k),

"*#-# grk .! % 06&$)./& /&<( =#,#&=.&> /& r %&= k9 0/- )*%) @/!A.&> BCDEFG *%! !*/"& )*%)

gr0(γ) = 1, gr1(γ) =
1

2
r(r + 1) + rγ.

H*.! $%& '# 6!#= %! 0/<</"!

β̃r =
1

n

n∑

i=1

(
i+ γ

n+ δ

)r

x(i:n) =
1

n

n∑

i=1

∑r
k=0 grk(γ)(i− 1)(i− 2) · . . . · (i− r + k)

(n+ δ)r
x(i:n)

=
1

(n+ δ)r

r∑

k=0

grk(γ)
1

n

n∑

i=1

(n− 1)(n− 2) · . . . · (n− r + k)

(
i−1
r−k

)

(
n−1
r−k

)x(i:n)

=
1

(n+ δ)r

r∑

k=0

grk(γ)(n− 1)(n− 2) · . . . · (n− r + k)br−k.

H*# )#-2 Nk := (n−1)(n−2)·...·(n−r+k)
(n+δ)r *%! )*# 0/<</".&> %!(2,)/).$ /-=#-

Nk =







1− (1/2r(r + 1) + rδ)n−1 +O(n−2) , .0 k = 0

n−1 +O(n−2) , .0 k = 1

O(n−k) , .0 k ≥ 2

.

@#&$#9 !.&$# E(br) = βr9

br − β̃r = br −
r∑

k=0

grk(γ)Nkbr−k

= (1− gr0(γ)N0)br −
r∑

k=1

grk(γ)Nkbr−k

= (1− (1− (1/2r(r + 1) + rδ)n−1 +O(n−2)))br −
r∑

k=1

grk(γ)Nkbr−k.

I/)# )*%) %<< )#-2! /0 /-=#- k ≥ 2 %-# %!(2,)/).$%<<( &#><.>.'<# !.&$# )*#.- %!(2,)/).$%< /-=#- .!
!2%<<#- )*%& )*%) /0 )*# J-!) )"/ )#-2!:

8.&%<<(9

E

(

br − β̃r

)

FK
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=
(
(1/2r(r + 1) + rδ)n−1 +O(n−2)

)
βr −

(
(1/2r(r + 1) + rδ)n−1 +O(n−2)

)
βr−1 + . . .

≤ C
1

n
βr ≤ C ′ 1

n
,

 !"#$ βr < ∞%

& '! (')("*(+$ ,- λ̃r ! *.(* !* ! ",* (" /"0!( $' $ *!1(*,2 0/* !* ! #," ! *$"* 34, 5!"+ 36789::%

;.$ <=,**!"+><, !*!," $ *!1(*,2 ! (= , / $-/= ?.$" <2,)!"+ *.$ ( @1<*,*!# ",21(=!*@ ,- ( )$#*,2

,- *.$ lsA s = 1, . . . , r% B"'$2 !"'$<$"'$"#$ *.! .( (=2$('@ 0$$" ',"$ 0@ 4, 5!"+ 3677C: ("'

?$ ?("* *, $ *(0=! . (" ("(=,+,/ 2$ /=* -,2 DEF  $G/$"#$ ," (0 ,=/*$ 2$+/=(2 <2,#$  $ %

 !"#$"% &'('  !" X1, . . . , Xn #! $%& '(") *++,-.(/*"(-0 1-02"*0"2 (al)l∈N -0 *0 *#2-34"!35

,!643*, +,-1!22 (Zn)n∈Z '(") /(.(06 1-!71(!0"2 (β(l))l∈N '(")

∑∞
l=1 l

2β
γ

2+γ (l) < ∞ 8-, * 0 <

γ < 19 :-,!-;!,< 3!" #!
∑∞

l=1 l
2a

γ
2+2γ

l < ∞9 =)!0<

√
n ((l1 − λ1), . . . , (lr − λr))

D−→ N (0,Σ)

'(") Σ = (ρi,j)1≤i,j≤r *0>

ρi,j = ?-;(li, lj)

=
1

2

(
∫ ∞

−∞

∫ ∞

−∞

(
P ⋆
i−1(F (x))P ⋆

j−1(F (y))
)
+
(
P ⋆
i−1(F (y))P ⋆

j−1(F (x))
)

·
(

F (x)(1− F (y)) + 2

∞∑

j=1

(P (X1 ≤ F (x), Xj+1 ≤ F (y)− F (x)F (y)))

)

dxdy

)

.

@,--89

& 1$"*!,"$' (0,)$ λ̃r #(" 0$ $H<2$  $' ( (" L> *(*! *!# ("' .$"#$ ! ( @1<*,*!#(==@ ",21(=

0@ ;.$,2$1 I%J% ;.$ (  /1<*!," ,- *.$ *.$,2$1 -,2 *.$ 5$2"$= h ("' *.$ ?$!+.*!"+ -/"#*!,"

J (2$ -/=K==$'  !"#$ '/$ *, *.$ $H<2$  !," ( L> *(*! *!# h(x) = x ! *.$ !'$"*!*@ -/"#*!," ("'

*.$2$-,2$ L!< #.!*M #,"*!"/,/ ("' HF 2$'/#$ *, F A ?.!#. ! (= , #,"*!"/,/ % ;.$ -/"#*!," J
! #., $" ( J = P ⋆

r−1 ("' .$"#$ ! 0,/"'$' ," (0, 1) ( ?$== ( #,"*!"/,/ (%$% #,"#$2"!"+ *.$

L$0$ +/$>1$( /2$ ("' F−1
("' #(" 0$ '$K"$' ( $G/(= *, 0 -,2 (== )(=/$ ",* !" (0, 1)% N,2$,)$2A

(= , *.$ =!"$(2 #,10!"(*!," ,- *.$ K2 * r <=,**!"+><, !*!," $ *!1(*,2 ! (" L> *(*! *!#

r∑

i=1

aiλ̃r =
r∑

i=1

aiP
⋆
i−1(pj:n)x(j:n) =:

r∑

i=1

P ⋆(pj:n)x(j:n)

("' .$"#$ (= , #,")$2+$ *, ( ",21(= '! *2!0/*!," (##,2'!"+ *, ;.$,2$1 I%J% B !"+ *.$ O2(1$2>

P,='>'$)!#$ ?$ *.$" 5",? *.(*

√
n
(

(λ̃1 − λ1), . . . , (λ̃r − λr)
)

−→ N (0,Σ).

;.$ $"*2!$ ,- *.$ #,)(2!("#$ 1(*2!H Σ #(" 0$ #(=#/=(*$' 0@ / !"+ *.$ !'$"*!*@

O,)(λ̃r, λ̃s) =
1

2

(

Q(2(λ̃r + λ̃s)−Q(2(λ̃r)−Q(2(λ̃s)
)

. 39%J:

R,2 *.! ?$ K2 * "$$' *.$ ( @1<*,*!# )(2!("#$ ,- L> *(*! *!# % B !"+ *.$ -,21/=( -,2 *.$ )(2!("#$

,- ;.$,2$1 I%J ("' *.$  <$#!(= -,21 ,- !* -,2 L> *(*! *!# A ?$ ,0*(!"
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σ2
L =E

((

E

(

−
∫ ∞

−∞

(
 [Y1≤y] − F (y)

)
J(F (y))dy|Y1 = X1

))2
)

+ 2

∞∑

j=1

 !"

(

E

(

−
∫ ∞

−∞

(
 [Y1≤y] − F (y)

)
J(F (y))dy|Y1 = X1

)

,

E

(

−
∫ ∞

−∞

(
 [Y1≤y] − F (y)

)
J(F (y))dy|Y1 = Xj+1

))

. #$%&'

()* +,-. .*,/ !0 *1% #$%&' 234 5* -6/786+*9 3438!:!;-8< .! .)* 649*7*49*4. 23-* #-** *%:% =**

#>??@'' 5<

E

((

E

(

−
∫ ∞

−∞

(
 [Y1≤y] − F (y)

)
J(F (y))dy

∣
∣
∣Y1 = X1

))2
)

= E

((

E

(

−
∫ ∞

−∞
 [Y1≤y]J(F (y))dy

∣
∣
∣Y1 = X1

)

+

∫ ∞

−∞
F (y)J(F (y))dy

)2
)

= E

[(

E

(

−
∫ ∞

−∞
 [Y1≤y]J(F (y))dy

∣
∣
∣Y1 = X1

))2

+ 2E

(

−
∫ ∞

−∞
 [Y1≤y]J(F (y))dy

∣
∣
∣Y1 = X1

)∫ ∞

−∞
F (y)J(F (y))dy

+

(∫ ∞

−∞
F (y)J(F (y))dy

)2
]

= E

(

E

(

−
∫ ∞

−∞

(
 [Y1≤y]

)
J(F (y))dy

∣
∣
∣Y1 = X1

))2

− 2

∫ ∞

−∞
F (y)J(F (y))dy

∫ ∞

−∞
E

(

E

(

 [Y1≤y]

∣
∣
∣Y1 = X1

))

J(F (y))dy

+

∫ ∞

−∞

∫ ∞

−∞
F (x)F (y)J(F (x))J(F (y))dxdy

= E

(

E

(

−
∫ ∞

−∞

(
 [Y1≤y]

)
J(F (y))dy

∣
∣
∣Y1 = X1

))2

− 2

∫ ∞

−∞
F (y)J(F (y))dy

∫ ∞

−∞
E
(
 [Y1≤y]

)
J(F (y))dy

+

∫ ∞

−∞

∫ ∞

−∞
F (x)F (y)J(F (x))J(F (y))dxdy

= E

(

E

(

−
∫ ∞

−∞

(
 [Y1≤y]

)
J(F (y))dy

∣
∣
∣Y1 = X1

))2

− 2

∫ ∞

−∞
F (y)J(F (y))dy

∫ ∞

−∞
F (y)J(F (y))dy

+

∫ ∞

−∞

∫ ∞

−∞
F (x)F (y)J(F (x))J(F (y))dxdy

=

∫ ∞

−∞

∫ ∞

−∞
F (y)J(F (x))J(F (y))dxdy

$A
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−
∫ ∞

−∞

∫ ∞

−∞
F (x)F (y)J(F (x))J(F (y))dxdy

=

∫ ∞

−∞

∫ ∞

−∞
F (x)(1− F (y))J(F (x))J(F (y))dxdy.

 !"# $%& "&'#() $&*+ #, &-. /0.12 '3( 4& "5+6!57&) 48

2

∞∑

j=1

9#:

(

E

(

−
∫ ∞

−∞

(
 [Y1≤y] − F (y)

)
J(F (y))dy

∣
∣
∣Y1 = X1

)

,

E

(

−
∫ ∞

−∞

(
 [Y1≤y] − F (y)

)
J(F (y))dy

∣
∣
∣Y1 = Xj+1

))

=2

∞∑

j=1

E

[

E

(

−
∫ ∞

−∞

(
 [Y1≤y] − F (y)

)
J(F (y))dy

∣
∣
∣Y1 = X1

)

· E
(

−
∫ ∞

−∞

(
 [Y1≤y] − F (y)

)
J(F (y))dy

∣
∣
∣Y1 = Xj+1

)]

=2
∞∑

j=1

E

[(

E

(

−
∫ ∞

−∞

(
 [Y1≤y]J(F (y))dy|Y1 = X1

)
)

+

∫ ∞

−∞
(F (y)J(F (y))) dy

)

·
(

E

(

−
∫ ∞

−∞

(

 [Y1≤y]J(F (y))dy
∣
∣
∣Y1 = Xj+1

))

+

∫ ∞

−∞
(F (y)J(F (y))) dy

)]

=2
∞∑

j=1

[

E

(

E

(

−
∫ ∞

−∞

(

 [Y1≤y]J(F (y))dy
∣
∣
∣Y1 = X1

))

· E
(

−
∫ ∞

−∞

(

 [Y1≤y]J(F (y))dy
∣
∣
∣Y1 = Xj+1

)))

+ E

(

E

(

−
∫ ∞

−∞

(

 [Y1≤y]J(F (y))dy
∣
∣
∣Y1 = X1

))

·
∫ ∞

−∞
(F (y)J(F (y))) dy

)

+ E

(

E

(

−
∫ ∞

−∞

(

 [Y1≤y]J(F (y))dy
∣
∣
∣Y1 = Xj+1

))

·
∫ ∞

−∞
(F (y)J(F (y))) dy

)

+ E

(∫ ∞

−∞

∫ ∞

−∞
F (x)F (y)J(F (x))J(F (y))dxdy

)]

=2

∞∑

j=1

[

E

(

E

(

−
∫ ∞

−∞

(
 [Y1≤y]J(F (y))dy|Y1 = X1

)
)

· E
(

−
∫ ∞

−∞

(
 [Y1≤y]J(F (y))dy|Y1 = Xj+1

)
))

+ E

(

E

(

−
∫ ∞

−∞

(

 [Y1≤y]J(F (y))dy
∣
∣
∣Y1 = X1

)))∫ ∞

−∞
(F (y)J(F (y))) dy

+ E

(

E

(

−
∫ ∞

−∞

(

 [Y1≤y]J(F (y))dy
∣
∣
∣Y1 = Xj+1

)))∫ ∞

−∞
(F (y)J(F (y))) dy

+

∫ ∞

−∞

∫ ∞

−∞
F (x)F (y)J(F (x))J(F (y))dxdy

]

=2
∞∑

j=1

[

E

(

E

(

−
∫ ∞

−∞

(

 [Y1≤y]J(F (y))dy
∣
∣
∣Y1 = X1

))

· E
(

−
∫ ∞

−∞

(

 [Y1≤y]J(F (y))dy
∣
∣
∣Y1 = Xj+1

)))

0;
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− E

(∫ ∞

−∞
 [Y1≤y]J(F (y))dy

)∫ ∞

−∞
(F (y)J(F (y))) dy

− E

(∫ ∞

−∞
 [Y1≤y]J(F (y))dy

)∫ ∞

−∞
(F (y)J(F (y))) dy

+

∫ ∞

−∞

∫ ∞

−∞
F (x)F (y)J(F (x))J(F (y))dxdy

]

=2
∞∑

j=1

E

[

E

(

−
∫ ∞

−∞

(

 [Y1≤y]J(F (y))dy
∣
∣
∣Y1 = X1

))

· E
(

−
∫ ∞

−∞

(

 [Y1≤y]J(F (y))dy
∣
∣
∣Y1 = Xj+1

))

− 2

∫ ∞

−∞

∫ ∞

−∞
F (x)F (y)J(F (x))J(F (y))dxdy

+

∫ ∞

−∞

∫ ∞

−∞
F (x)F (y)J(F (x))J(F (y))dxdy

]

=2
∞∑

j=1

[
∫ ∞

−∞
(P (X1 ≤ F (x), Xj+1 ≤ F (y))) J(F (x))J(F (y))dxdy

−
∫ ∞

−∞

∫ ∞

−∞
F (x)F (y)J(F (x))J(F (y))dxdy

]

=2

∞∑

j=1

(
∫ ∞

−∞

∫ ∞

−∞
(P (X1 ≤ F (x), Xj+1 ≤ F (y))− F (x)F (y)) J(F (x))J(F (y))dxdy

)

.

 !"#$%$%& '()*) '+! ,)*-.'* +) !#'/$% 0!, '() /*1"2'!'$3 4/,$/%3) !0 /% L5*'/'$*'$3 -%6), %)/,
)2!3( 6)2)%6)%3)

σ2
L =

∫ ∞

−∞

∫ ∞

−∞



F (x)(1− F (y)) + 2
∞∑

j=1

(P (X1 ≤ F (x), Xj+1 ≤ F (y))− F (x)F (y))





· J(F (x))J(F (y))dxdy,

+($3( $* 3!%*$*')%' +$'( '() ,)*-.' !0 7-,$ /%6 8,/% 9:;<=> 0!, L5?'/'$*'$3* 0!, *',!%& "$@$%&
6/'/A

B!+ +) 3/% -*) 9CAD> /%6 '() 0/3' '(/' '() *-" !0 '+! 2.!''$%&52!*$'$!% )*'$"/'!,* $* /&/$% /%

L5*'/'$*'$3 '! 3/.3-./') '() 3!4/,$/%3) !0 '() 2.!''$%&52!*$'$!% )*'$"/'!,*A E)")"#), '(/' +)
(/4) 3(!*)% J(t) = P ⋆

i−1(t) 0!, λ̃iA

 !4(λ̃r, λ̃s)

=
1

2

[
∫ ∞

−∞

∫ ∞

−∞

(
P ⋆
r−1(F (x)) + P ⋆

s−1(F (x))
)
·
(
P ⋆
r−1(F (y)) + P ⋆

s−1(F (y))
)

C;
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·



F (x)(1− F (y)) + 2
∞∑

j=1

(P (X1 ≤ F (x), Xj+1 ≤ F (y))− F (x)F (y))



 dxdy

−
∫ ∞

−∞

∫ ∞

−∞
P ⋆
r−1(F (x))P ⋆

r−1(F (y))



F (x)(1− F (y)) + 2
∞∑

j=1

(P (X1 ≤ F (x), Xj+1 ≤ F (y))− F (x)F (y))



 dxdy

−
∫ ∞

−∞

∫ ∞

−∞
P ⋆
s−1(F (x))P ⋆

s−1(F (y))



F (x)(1− F (y)) + 2
∞∑

j=1

(P (X1 ≤ F (x), Xj+1 ≤ F (y))− F (x)F (y))



 dxdy

]

=
1

2

[
∫ ∞

−∞

∫ ∞

−∞

(
P ⋆
r−1(F (x)) + P ⋆

s−1(F (x))
)
·
(
P ⋆
r−1(F (y)) + P ⋆

s−1(F (y))
)



F (x)(1− F (y)) + 2

∞∑

j=1

(P (X1 ≤ F (x), Xj+1 ≤ F (y))− F (x)F (y))



 dxdy

]

.

 !"#$ %$%"# lr − λ̃r = Op(1/n) &'( )(*&+, +- &'( !%./0( (!&".%&+,! '%! &'( !%.( 1"!&,"23&"+# %!
&'( /0+&&"#$4/+!"&"+# (!&".%&+,5 &'%& "! % !&,%"$'&-+,6%,1 (7&(#!"+# +- &'( "#1(/(#1(#& *%!(8

 !"#$ &'( 9(0&%4:(&'+1 "& "! #+6 (%!; &+ *%0*30%&( &'( %!;./&+&"* 1"!&,"23&"+# +- .%#; /%,%.(&(,4

(!&".%&+,! 2%!(1 +# L4.+.(#&!8

 !"!#! $%&''() L*+,'(-./

<,"..(1 ="#(%,4.+.(#&! >TL4.+.(#&!? %,( % ,+23!& .+1"@*%&"+# +- L4.+.(#&!8 <'(; '%)(
2((# "#&,+13*(1 2; A0%.", %#1 B('(30& >CDDE? %#15 13( &+ &'(", (%!; *+./3&%&"+#5 %,( -,(F3(#&0;

3!(1 %#1 1()(0+/(1 -+, .%#; 1"G(,(#& 1"!&,"23&"+#! >*-8 H+!I"#$ >CDDJ?5 K21304:+#"(. %#1

B(0". >CDDL?5 K'.%1 (& %08 >CDMM??8

=(& X 2( % ,(%04)%03(1 ,%#1+. )%,"%20( 6"&' *3.30%&")( 1"!&,"23&"+# -3#*&"+# F 8 <'( r4&'
TL4.+.(#& 6"&' &,".."#$ (t1, t2) "! $")(# 2;

λ(t1,t2)
r =

1

r

r−1∑

k=0

(−1)k
(
r − 1

k

)

E
(
X(r+t1−k:r+t1+t2)

)
,

6'(,( 6( *%# 3!( &'( ,(/,(!(#&%&"+#

E
(
X(i:r)

)
=

r!

(i− 1)!(r − i)!

∫ 1

0
x(F )F i−1(1− F )r−idF

+- &'( (7/(*&(1 )%03( +- &'( i4&' +,1(,4!&%&"!&"* +- % !%./0( 6"&' 0(#$&' r 1,%6# -,+. &'( 1"!&,"4

23&"+# +- X8 x(F ) "! &'( F3%#&"0( -3#*&"+# +- &'( 1"!&,"23&"+# F 8

K# 3#2"%!(1 (!&".%&( +- λ
(t1,t2)
r "!

l(t1,t2)r =
1

r

n−t2∑

i=t1+1

∑r−1
k=0(−1)k

(
r−1
k

)(
i−1

r+t1−k−1

)(
n−i
t2+k

)

(
n

r+t1+t2

) x(i:n). >N8O?

JD
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 !" #$%& %'"$ () *!%+ ,%&' () "+*%#$*(- *( .$%& -(/0+*&"++ %+ *-%##%&. /1 .%2%&. 3"-( 4"%.!* *(

*!" t1 +#$55"+* $&' t2 5$-."+* 2$50"+6

7.$%&8 +%#%5$- *( L9#(#"&*+8 *!" :5(**%&. :(+%*%(& "+*%#$*(- :-(2"+ *( /" $ 0+")05 *((5 )(-
(/*$%&%&. $+1#:*(*%; -"+05*+6 <* %+ '"=&"' $+

λ̃(t1,t2)
r =

1

n

n∑

i=1

J (t1,t2)
r x(i:n)

4%*!

J (t1,t2)
r (x) =

(r − 1)!(r + t1 + t2)!

r(r + t1 − 1)!(r + t2 − 1)!
xt1(1− x)t2P

⋆(t2,t1)
r−1 (x)

$&'

P ⋆(t2,t1)
r (x) =

r∑

j=0

(−1)r−j

(
r + t2

j

)(
r + t1
r − j

)

xj(1− x)r−j ,

*!" +!%)*"' >$;(/% :(51&(#%$56  !" ?"."&'-" :(51&(#%$5+ $-" $ +:";%$5 ;$+" () *!" >$;(/% :(519

&(#%$5+ *!$* $-" &""'"' %& *!%+ #(-" ."&"-$5 ;(&*"@*6

7&$5(.(0+51 *( L9#(#"&*+8 4!%;! $-" %& )$;* $ +:";%$5 ;$+" () TL9#(#"&*+ 4%*! t1 = t2 = 08
4" ;$& +*$*" $ -"+05* $/(0* $+1#:*(*%; &(-#$5%*16  !" :-(() () %* %+ $&$5(.(0+ *( *!" (&" )(-

L9#(#"&*+ A+"" "6.6 B(+,%&. ACDDEF )(- *!" %&'":"&'"&* ;$+"F $&' *!"-")(-" (#%**"' !"-"6 G(*"
*!$* 4" 5%#%* *!" :(++%/5" *-%##%&. *( /" +#$55"- (- "H0$5 *( 2 *( +%#:5%)1 *!" -"+05*+6 <& :-$;*%;"8
$+ 4" 4%55 +"" 5$*"- (&8 $55 -"5"2$&* ;$+"+ $-" ;(2"-"' /1 *!%+6 I(- $& %'"$ () !(4 *!" ;(2$-%$&;"

5((,+ 5%," )(- 2$50"+ () *-%##%&. 5$-."- *!$& 2 4" -")"- *( B(+,%&. ACDDEF6

 !"#$"% &'('  !" X1, . . . , Xn #! $%& '(") *++,-.(/*"(-0 1-02"*0"2 (al)l∈N -0 *0 *#2-34"!35

,!643*, +,-1!22 (Zn)n∈Z '(") /(.(06 1-!71(!0"2 (β(l))l∈N '(")

∑∞
l=1 l

2β
γ

2+γ (l) < ∞ 8-, * 0 <

γ < 19 :-,!-;!,< 3!" #!
∑∞

l=1 l
2a

γ
2+2γ

l < ∞9 =)!0 8-, *33 0 ≤ t1, t2 ≤ 2

√
n
(

(λ̂
(t1,t2)
1 − λ

(t1,t2)
1 ), . . . , (λ̂(t1,t2)

r − λ(t1,t2)
r )

)

−→ N (0,Σ)

'(") Σ = (ρi,j)1≤i,j≤r *0>

ρi,j = ?-;(λ̂
(t1,t2)
i , λ̂

(t1,t2)
j )

=
1

2

[
∫ ∞

−∞

∫ ∞

−∞

(

J
(t1,t2)
i (F (x)) + J

(t1,t2)
j (F (x))

)

·
(

J
(t1,t2)
i (F (y)) + J

(t1,t2)
j (F (y))

)



F (x)(1− F (y)) + 2

∞∑

j=1

P (X1 ≤ F (x), Xj+1 ≤ F (y))− F (x)F (y)



 dxdy

]

.

<& *!" )(55(4%&. 4" :-"+"&* +(#" +:";%=; "+*%#$*(-+ /$+"' (& TL9#(#"&*+ )(- '%+*-%/0*%(&+ *!$*
$-" %#:(-*$&* %& (0- ;(&*"@*6

EJ



 ! "#$%&'(')*# (+ ,(-.#' /#')%0'(1# .2341 56(1'7,0284 94&42342*4

 !"!#$%&'!( )$#!*+ ,&-*#&./*&+" 0 ),1

 !" #$% &%'%"()*+%, -("%#! .*/#"*01#*!' #$% ,*/#"*01#*!' 21'3#*!' */ 4*5%' 06

F (x) = 1−
(

1 + κ
x− µ

β

)− 1
κ

,

2!" x > µ *2 #$% /$(7% 7("(8%#%" */ κ ≥ 09 (', µ ≤ x ≤ µ− β/κ !#$%":*/%9 #$% /3()% 7("(8%#%"
β > 0 (', #$% #$"%/$!),;7("(8%#%" µ9 !2#%' ()/! '!#(#%, (/ x0< = /7%3*() 3(/% !2 #$*/ ,*/#"*01#*!'

*/ #$% %>7!'%'#*() ,*/#"*01#*!'<

?$%"%2!"%9 #$% 3!""%/7!',*'4 @1('#*)% */ 4*5%' 06

x(F ) = µ− β

κ

(
1− (1− F )−κ

)
.

A2#%'9 :% :('# #! $(5% "!01/#'%// (4(*'/# /*'4)% )("4% %5%'#/ 2!" (' %/#*8(#!" !2 #$% 7("(8%#%"

!2 #$% &-.< ?$% )!:%" 7("# !2 #$% /(87)% */ ()"%(,6 3%'/!"%, 06 3$!!/*'4 ( #$"%/$!), x0 (',
!')6 3!'/*,%"*'4 5()1%/ (0!5% #$*/ #$"%/$!),< B*'3% #$% &-. */ 0!1',%, #! #$% )%2#9 *# /%%8/

/%'/*0)% #! !')6 3!'/*,%" #"*88*'4 #! #$% "*4$#< ?$%"%2!"%9 :% 3$!/% t1 = 0 (', t2 = 1<  !"
#$% 3(/%/ t1 = t2 = 1 (', t1 = 1, t2 = 0 %/#*8(#!"/ 2!" #$% &-. $(5% ()"%(,6 0%%' ,%5%)!7%,

C=0,1);D!'*%8 (', B%)*8 CEFFGH9 =$8(, %# ()< CEFIIHH9 (', J!/K*'4 CEFFLH ,%5%)!7%, ?MCF9IH;

%/#*8(#!"/ 2!" #$% #:! 7("(8%#%" &-.< N% :('# #! 3!'/*,%" #$% #$"%%;7("(8%#%" &-. (/ :%))9

:$*3$ */ :$6 :% 7"%/%'# #$% %>7)('(#*!' #! #$% 3()31)(#*!'/ 0%)!:< O>7)*3*# "%7"%/%'#(#*!'/ !2

#$% P"/# #$"%% ?MCF9IH;8!8%'#/ ("%

λ
(0,1)
1 = E

(
X(1:2)

)

λ
(0,1)
2 = 1

2

(
E
(
X(2:3)

)
− E

(
X(1:3)

))

λ
(0,1)
3 = 1

3

(
E
(
X(3:4)

)
− 2E

(
X(2:4)

)
+ E

(
X(1:4)

))
.

N% 3(' /%% #$(# *',%%, #$% $*4$%/# 5()1% !2 #$% !",%" /#(#*/#*3/ */ )%2# !1# *' #$% 3()31)(#*!'<

N*#$ #$% %@1(#*!'/ (0!5%9 #$% P"/# #$"%% ?MCF9IH;8!8%'#/ 3(' 0% :"*##%' (/

λ
(0,1)
1 =

∫ 1
0 x(F )(1− F )2dF

λ
(0,1)
2 = 1

2

∫ 1
0 x(F )(1− F )(6F − 3(1− F ))dF

λ
(0,1)
3 = 1

3

∫ 1
0 x(F )(1− F )(12F 2 − 24F (1− F ) + 4(1− F )2)dF

(', #$% "(#*! (/

τ
(0,1)
3 =

λ
(0,1)
3

λ
(0,1)
2

.

Q6 3()31)(#*'4 #$% *'#%4"()/ (0!5% (', 1/*'4 /10/#*#1#*!' :% !0#(*' #$% 2!))!:*'4 %/#*8(#!"/9

:$%"% #$% ?MCF9IH;8!8%'#/ ("% %/#*8(#%, 5*( CR<SH (', t
(0,1)
3 = l

(0,1)
3 /l

(0,1)
2 9

κ̂ =
36t

(0,1)
3 −8

9t
(0,1)
3 +8

β̂ = 2
3 l

(0,1)
2 (κ̂− 2)(κ̂− 3)

µ̂ = l
(0,1)
1 + β̂

(κ̂−2) .

T2 µ */ K'!:'9 :% 4%# C('()!4!1/)6 #! J!/K*'4 CEFFLHH

κ̂ = −3
2
l
(0,1)
1 −µ

l
(0,1)
2

+ 3

β̂ = −
(

l
(0,1)
1 − µ

)

(κ̂− 2).

LE



 !"! L#$%&'()* +(, TL#$%&'()*

 !"#$ %&$ #&'!#$ '( %&$ %)!**!"+ (,#%')- !- #).#!,/0 $-1$#!,//2 !" '.) #'"%$3% 4!%& -$5$),/ $3%)$*$

5,/.$-0 !% !- "$#$--,)2 %' #'"-!6$) "'% '"/2 789:0;<=*'*$"%- >.% ,/-' '%&$) #&'!#$- (') %&$

%)!**!"+ (,#%')-? @- *$"%!'"$6 ,>'5$0 , %)!**!"+ !" %&$ /'4$) 1,)% '( %&$ -,*1/$ !- "'%

*$,"!"+(./? A'4$5$)0 4$ #'"-!6$) , &!+&$) %)!**!"+ !" %&$ .11$) 1,)% '( %&$ -,*1/$0 %&,% !- %&$

789:0B<=*'*$"%-? @",/'+'.-/2 %' %&$ 789:0;<=*'*$"%- 4$ #," #,/#./,%$

λ
(0,2)
1 = 3

∫ 1
0 x(F )(1− F )2dF

λ
(0,2)
2 = 1

2

∫ 1
0 x(F )(1− F )2(12F − 4(1− F ))dF

λ
(0,2)
3 = 1

3

∫ 1
0 x(F )(1− F )2(30F 2 − 40F (1− F ) + 5(1− F )2)dF

,"6

κ̂ =
30t

(0,2)
3 −5

6t
(0,2)
3 +5

β̂ = 1
2 l

(0,2)
2 (κ̂− 3)(κ̂− 4)

µ̂ = l
(0,2)
1 + β̂

(κ̂−3) .

C)0 !( µ !- D"'4"0

κ̂ = −1
2
l
(0,2)
1 −µ

l
(0,2)
2

+ 4

β̂ = −
(

l
(0,2)
1 − µ

)

(κ̂− 3).

 !"!#$%&'!( )*+#!,! -$%.! /&0+#&1.+&2" 3 )-4

7&$ 6!-%)!>.%!'" (."#%!'" '( %&$ EFG !- +!5$" >2

G(x) = exp

(

−
(

1 + ξ
x− µ

σ

)− 1
ξ

)

(') 1 + ξ(x − µ)/σ > 00 4&$)$ ξ ∈ R !- %&$ -&,1$ 1,),*$%$)0 σ > 0 %&$ -#,/$ 1,),*$%$) ,"6

µ ∈ R %&$ /'#,%!'" 1,),*$%$)? 7&$ -1$#!,/ #,-$ ξ = 0 !- #,//$6 %&$ E.*>$/ 6!-%)!>.%!'" ,"6 !-

+!5$" >2

G(x) = exp

(

− exp

(

−x− µ

σ

))

.

7&$ EFG 6!-%)!>.%!'" 1/,2- , #).#!,/ )'/$ !" $3%)$*$ 5,/.$ %&$')2 ,"6 %&$)$(')$ !- '"$ '( %&$ *'-%

#'**'"/2 .-$6 6!-%)!>.%!'" (."#%!'"- !" &26)'/'+2? H$#,.-$ '( %&$ I!-&$)=7!11$%%=E"$6$"D'=

7&$')$* 9I!-&$) ,"6 7!11$%% 9;JBK<< %&$ EFG &,- %&$')$%!#,/ 5,/!6!%2 4&$"$5$) .-!"+ >/'#D

*,3!*, ,"6 ."6$) #$)%,!" ,--.*1%!'"-? L$ 4,"% %' 6$-#)!>$ %&!- !" 6$%,!/?

56!2#!, 789 9I!-&$)=7!11$%%=E"$6$"D'<8  !" X1, . . . , Xn #! $%&!'!%&!%" (%& $&!%"$)(**+ &$,-

".$#/"!& .(%&01 2(.$(#*!,3 4/''0,! "5!.! !6$,", ( ,!7/!%)! 08 )0%,"(%", an > 0 (%& bn ∈ R ,/)5

"5("

max(X1, . . . , Xn)− bn
an

5(, ( %0%&!9!%!.("! *$1$" &$,".$#/"$0% 80. n → ∞3 :5!% "5$, *$1$" &$,".$#/"$0% $, "5! !6".!1!

2(*/! &$,".$#/"$0% Gξ(ax+ b) ;$"5 a > 0 (%& b ∈ R 9$2!% #+

Gξ(x) = exp
(

−(1 + ξx)
− 1

ξ

)

,

80. 1 + ξx > 0 ;$"5 ξ ∈ R3 <8 ξ = 0= "5! .$95"-5(%& ,$&! )(% #! $%"!.'.!"!& (, exp(− exp−x)3

MN
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 ! "#$ %& '&&$ !(#! !(& )*'!+*%,!*-$ .*/&$ *$ !(*' !(&-+&0 *' &1#"!23 !(& 456 )*'!+*%,!*-$7 8(&

9#+#0&!&+ ξ *' "#22&) !(& &1!+&0& /#2,& *$)&1 #$) )&:$&' !(& )*'!+*%,!*-$ !39& #' ;&22 #' !(&

!#*2<%&(#/*-,+7 8(& 0-'! *09-+!#$! "#'& *$ =--) '!#!*'!*"' *' ξ > 0> 2&#)*$. !- #$ ,$%-,$)&)

+*.(! 9#+! -? !(& )*'!+*%,!*-$ #$) # (&#/3 +*.(! !#*27

@-+ !(& 4,0%&2< #$) 456 )*'!+*%,!*-$ -$& "#$ :$) #99+-1*0#!*/& &19+&''*-$' -? !(& 9#+#0&!&+

&'!*0#!*-$'> '&& 52#0*+ #$) A&(&,2! BCDDEF #$) G*2*&$!(#2 BCDHEF7

@-+ !(& 9#+#0&!&+' -? !(& 456 )*'!+*%,!*-$ !(& 8GBD>HF<0-0&$! &'!*0#!-+' #+&

z =
10

9

(

1

2 + l
(0,1)
3 /l

(0,1)
2

)

− 2 log(2)− log(3)

3 log(3)− 2 log(4)

ξ̂TL(0,1) = 8.567394 · z − 0.675969 · z2

σ̂TL(0,1) =
2

3
l
(0,1)
2

1

Γ(ξ̂TL(0,1))

((
1

3

)ξ̂TL(0,1)

− 2

(
1

2

)ξ̂TL(0,1)

+ 1

)−1

µ̂TL(0,1) = l
(0,1)
1 −

σ̂TL(0,1)

ξ̂TL(0,1)

− σ̂TL(0,1)Γ(ξ̂TL(0,1))

((
1

2

)ξ̂TL(0,1)

− 2

)

,

;(&+& Γ *' !(& 4#00#<?,$"!*-$> #$) ?-+ !(& 4,0%&2 )*'!+*%,!*-$

σ̂
 !"#$%&

=
l
(0,1)
2

0.431

µ̂
 !"#$%&

= l
(0,1)
1 + 0.116σ̂

 !"#$%&

.

@-+ '300&!+*" !+*00*$.> !(#! "#$ %& '&$'*%2& %&"#,'& -? # 9-''*%23 ,$%-,$)&) 2&?! !#*2 -+

&1!+&0&23 '0#22 /#2,&'> !(& 8GBH>HF<0-0&$! &'!*0#!-+' #+&

z =
9

20

(

l
(1,1)
3

l
(1,1)
2

)

+
log(3)− 2 log(4) + log(5)

log(2)− 2 log(3) + log(4)

ξ̂
 !"%$%&

= 25.31711 · z − 91.5507 · z2 + 110.0626 · z3 − 46.5518 · z4

σ̂
 !"%$%&

= l
(1,1)
2

1

Γ(ξ̂
 !"%$%&

)

1

3
(
1
2

)ξ̂
 !"#$#% − 6

(
1
3

)ξ̂
 !"#$#% + 3

(
1
4

)ξ̂
 !"#$#%

µ̂
 !"%$%&

= l
(1,1)
1 −

σ̂
 !"%$%&

ξ̂
 !"%$%&

− σ̂
 !"%$%&

Γ(ξ̂
 !"%$%&

)

(

−3

(
1

2

)ξ̂
 !"#$#%

+ 2

(
1

3

)ξ̂
 !"#$#%

)

?-+ !(& 456 )*'!+*%,!*-$ #$)

σ̂
 !"%$%&

=
l
(1,1)
2

0.353

µ̂
 !"%$%&

= l
(1,1)
1 − 0.459σ̂

 !"%$%&

?-+ !(& 4,0%&2 )*'!+*%,!*-$7

8(&'& 9#+#0&!+*" &'!*0#!-+' %#'&) -$ L< #$) TL<0-0&$!' ;*22 :$) #992*"#!*-$ *$ !(& =--)

'!#!*'!*" 2#!&+ -$7

IJ



 !"! #$%&'()$*+, -*. #/('0 1,)$%()*.,

 !"! #$%&'()$*+, -*. #/('0 1,)$%()*.,

 ! " #$%&'"($)! #(&*+ ,- ,"!( () .)!/0% (1- "#+%2()($. !)0%"'$(+ )3 #)%- )3 (1- -#($%"()0#

20)2)#-* $! 4-.($)! 5 &!*-0 !-"0 -2).1 *-2-!*-!.-6

7)0 (1- 3)''),$!8 #$%&'"($)!# ,- .1))#- "! 9:;<=>?@A@BC20).-## ,$(1 2"0"%-(-0# α = 0.2 "!*

β = 0.056 D1- .)-E.$-!(# )3 (1- 3&!.($)! f "0- .1)#-! "# θ = 0.9 "!* λ = 0.16 D1-#- "0- .)%%)!

.1)$.-# ,1-! #$%&'"($!8 30)% "! 9:;<=>C20).-##6 D1- F"'&- α *-#.0$G-# (1- *-2-!*-!.- )3 (1-

F"0$"!.- )! (1- 3)0%-0 )G#-0F"($)!A ,1-0-"# β *-#.0$G-# (1- *-2-!*-!.- )! (1- 3)0%-0 F"0$"!.-6

H)(1 F"'&-# "0- 0-'"($F-'+ #%"'' $!*$."($!8 )!'+ " ,-"I *-2-!*-!.- )! (1- 3)0%-0 ($%- #(-26

J1"( $# #2-.$"' "!* .)00-#2)!*# () (1- ."#- )3 " K9LC20).-## )! "! &!*-0'+$!8 "G#)'&(-'+

0-8&'"0 20).-## $# (1- .1)$.- )3 Zt "# ;<?@BC20).-## ,$(1 .)00-'"($)! .)-E.$-!( ρ = 0.8A ,1$.1

%-"!# " 0"(1-0 1$81 .)00-'"($)! "( #1)0( ($%- '"8#6 K)(- (1"( (1- "##&%2($)!# )3 D1-)0-% M6@

"0- (1-0-3)0- 3&'/''-*6 J- .)%2"0- (1- (10-- #."'- -#($%"()0# )3 4-.($)! 5 ,$(1 *$N-0-!( #"%2'-

'-!8(1# .)!.-0!$!8 (1-$0 "#+%2()($. !)0%"'$(+ &#$!8 OOC2')(#6 7)0 (1- -#($%"()0# $! 9P"%2'-

565 "!* 56Q ,- &#- (1- #2-.$"' ."#-# Q "!* LMSn )3 (1- -#($%"()0#6 D1- 0-#&'(# ."! G- 3)&!*

$! 7$8&0-# Q6@CQ6M6

7)0 "'' -#($%"()0# (1- "#+%2()($. !)0%"'$(+ )3 (1-#- -#($%"()0# $# .)!/0%-* G+ (1- #$%&'"($)!#A

"'(1)&81 " #"%2'- '-!8(1 )3 "G)&( n = 1000 $# !--*-*6 D1- :$!$R# %-"! *$N-0-!.- -#($%"()0

20)F-# () !--* (1- '"08-#( #"%2'- ?n = 2000B )3 (1- (10-- -#($%"()0# () G- "220)P$%"(-* ,-'' G+

" !)0%"' *$#(0$G&($)!6

 ! " #-.)!* #.-!"0$) ,- ,"!( () $!.0-"#- (1- *-2-!*-!.- $! (1- 9:;<=>C20).-## #&.1 (1"(

(1- ;<?@B 20).-## "# ,-'' "# (1- 9:;<=>C20).-## %)*-' F-0+ 1$81 .)00-'"($)!6 7)0 (1$# ,-

.1))#- α = 0.8 "!* β = 0.16 D1- 0-#&'(# ."! G- 3)&!* $! 7$8&0-# Q6SCQ6Q6 H-."&#- )3 (1-

$!.0-"#-* *-2-!*-!.+ ,$(1$! (1- 9:;<=>C20).-## " '"08-0 #"%2'- #$T- $# !--*-* () )G("$!

" 8))* "220)P$%"($)! G+ (1- !)0%"' *$#(0$G&($)!6 4$%$'"0 () (1- /0#( #.-!"0$)A :$!$R# %-"!

*$N-0-!.- !--*# (1- '"08-#( #"%2'- #$T-# ?n = 5000B 3)0 " 8))* "220)P$%"($)!A ,1-0-"# (1-

QC-#($%"()0 *)-# !)( !--* %"!+ %)0- *"(" $! (1- 20-#-!.- )3 #(0)!8 *-2-!*-!.-6 D1- LMSn

-#($%"()0 #1),# " 8))* "220)P$%"($)! "'0-"*+ 3)0 n = 500A G&( #&020$#$!8'+ $( 8-(# ,)0#- 3)0

n = 10006 J- *) !)( 1"F- "! -P2'"!"($)! 3)0 (1$# 21-!)%-!)! G&( $( 0-%"$!# 3)0 0-2-"(-*

#$%&'"($)!#6

U5



 ! "#$%&'(')*# (+ ,(-.#' /#')%0'(1# .2341 56(1'7,0284 94&42342*4

 !"#$% &'(') *+$,-. //01.+2 3+$ 4!5!67 8%-5 9!:%$%5;% 3+$ n = 100 <2+1 .%32=> n = 500 <2+1
$!"?2=> n = 1000 <@+22+, .%32= -59 n = 2000 <@+22+, $!"?2= 3+$ 72$+5" 9%1%59%5;%

!5 2?% AB<(= 1$+;%77 -59 ,+9%$-2% 9%1%59%5;% !5 2?% C4ABDE01$+;%77'  $+, -

7-,1.% 7!F% +3 n = 2000 - $%.-2!G%.H "++9 -11$+I!,-2!+5 @H 2?% 5+$,-. 9!72$!@#2!+5
;-5 @% 7%%5> -.2?+#"? 2?% #11%$ 2-!. !7 72!.. 5+2 J22%9 K%..'

L&



 !"! #$%&'()$*+, -*. #/('0 1,)$%()*.,

 !"#$% &'(') *+$,-. //01.+2 3+$ 24% LMSn0%52!,-2+$ 3+$ n = 100 62+7 .%3289 n = 500 62+7

$!"428 -:; n = 1000 6<+22+,8 3+$ 52$+:" ;%7%:;%:=% !: 24% >?6@8 7$+=%55 -:;

,+;%$-2% ;%7%:;%:=% !: 24% AB>?CD07$+=%55'  $+, - 5-,7.% 5!E% +3 n = 500 -
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B"&'("& ,!" ).'% &!.($@ #.C&"( N8 ,!" B)$#4"% 5$C%,.'%K @!")" $%78 &5.77 .5$C%,& $+ ?)"#'?'<

,.,'$% .)" 5".&C)"(K ,!" -.)/ )"*'$% '& 4%$@% .& $%" $+ ,!" )"*'$%& @',! !'*!"&, ?)"#'?',.,'$% '%

9")5.%8A VC.%,','"& $+ 5$)" ,!.% DEQQ 55 #.% N" 5".&C)"( '% ,!" 5$C%,.'%$C& ?.),&K #.C&"(

N8 !'*! @'%( &?""(& .%( .##C5C7.,'$% $+ ).'%A

W'4" ,!" TC7(" )'M") N.&'% ,!" -.)/ )"*'$% !.& N""% .X"#,"( N8 ,!" 1QQ1 O$$( "M"%,K .7,!$C*!

,!" 7.)*"&, O$$( 5".&C)"( $##C))"( +$) .75$&, .77 #.,#!5"%,& '% DRREA

 !"! #$$%&'()(*+ &$, -*+(.$ /'00,+

B"+$)" ("M"7$?'%* )$NC&, "&,'5.,'$% 5",!$(& '% #$%,";, $+ O$$( &,.,'&,'#&K @" @.%, ,$ '%,)$(C#"

&$5" N.&'# #$%#"?,& $+ !8()$7$*8K H)&,A

=& 5"%,'$%"( N"+$)"K '% O$$( &,.,'&,'#& .%%C.7','"& T .)" C&"( ,$ ("&#)'N" ,!" )",C)% ?")'$( $+

O$$(&A  !'& '& ,!" .M").*" ,'5" ?")'$( '% @!'#! . O$$( "M"%,& ";#""(& $) )".#!"& ,!" )"&?"#,'M"

M.7C"A  !")"+$)"K +$) ,!" .%%C.7 5.;'5C5 &")'"& ', '& &'5?78 . +C%#,'$% $+ ,!" %$%<";#""(.%#"

?)$N.N'7',8 PU Y

T =
1

1− PU
.

F+ @" @.%, ,$ "&,'5.," . O$$( +$) . *'M"% .%%C.7',8 T K ,!'& '& ,!"% &'5?78 ,!" ZC.%,'7" +$) ,!"
)"&?"#,'M" ?)$N.N'7',8 PU A

[7$$( ?)$,"#,'$% &8&,"5& .%( $,!") @.,") "%*'%"")'%* NC'7('%*& .)" #$%&,)C#,"( ,$ N" &"#C)"

+$) O$$( "M"%,& $+ . #"),.'% .%%C.7',8A [$) ";.5?7"K (.5& .)" ("&'*%"( @',! O$$(& !.M'%* .%

.%%C.7',8 $+ T = 1000 $) T = 10, 000 8".)&A

 !" C&" $+ )$NC&, "&,'5.,$)& '% ,!'& #$%,";, '& ";?"#,"( ,$ 7".( ,$ . 5$)" &,.N7" "&,'5.,'$% 0&""

:"#,'$% 16 $+ "M"%,& +$) . *'M"% .%%C.7',8A  !'& '& '5?$),.%,K &'%#" ,!" #$%&,)C#,'$% $+ . (.5 &!.77

%$, ("?"%( $% &,.,'&,'#& .%( ZC.%,'7"&K @!$&" #.7#C7.,'$% #!.%*"& @',! "M")8 8".)A T$)"$M")K

%"',!") . ,$$ 7.)*" C%(")"&,'5.,'$% 0(.5.*"&6 $) $M")"&,'5.,'$% 0#$&,&6 '& )"ZC')"(A =+,") .

&!$), '%,)$(C#,'$% ,$ ,!" ('X")"%, ?$&&'N7" 5$("7& ,!., #.% N" C&"( +$) "&,'5.,'%* O$$( "M"%,&K

,!" .??7'#.,'$% $+ )$NC&, "&,'5.,$)& '% ,!" #$%,";, $+ .%%C.7','"& .%( ,!" )"7.,"( .(M.%,.*"& .%(

('&.(M.%,.*"& .)" &!$@%A
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 !"! #$$%&'()(*+ &$, -*+(.$ /'00,+

 !"!#! $%& '% ()'*+,'( ,--.,/*'*()

 !"# "$%&'(%&#) (##*(+&%&"$ %!" ,+($$&,(+ (#- ./01(1+2 "($&"$% 3(2 %0 -0 %!&$ &$ %!" ,0#$&-"/(%&0#

04 (##*(+ '(5&'*' -&$,!(/)"$ (#- %!" 6% 04 ( -&$%/&1*%&0# %0 %!"$"7 8"9"/%!"+"$$: %!&$ (+$0 +&'&%$

%!" (9(&+(1+" &#40/'(%&0#: $&#," 0#+2 0#" "9"#% ."/ 2"(/ ,(# 1" *$"-7 ;!"/"40/": $"9"/(+ '0-"+$

!(9" 1""# -"9"+0."- %!(% "#+(/)" %!" $.",%/*' 04 &#40/'(%&0#7 <"/": 3" 3(#% %0 40,*$ 0# %30

$.",&6, '0-"+$7 =&/$%: %!" >"(?@09"/@;!/"$!0+- '0-"+ %!(% *$"$ (++ -&$,!(/)" ."(?$ (109" (

)&9"# A00- %!/"$!0+-7 B",0#-: 3" -&9&-" %!" (##*(+ $"/&"$ &#%0 $"($0#$ (#- A00- %2."$ %0 01%(&#

$*1,+($$"$ 04 !0'0)"#"0*$ A00- "9"#%$7 ;!"$" '0-"+$ (/" &#%/0-*,"- &# %!" 40++03&#): $%(/%&#)

3&%! %!" (##*(+ '(5&'*' $"/&"$7

 !!"#$ %#&'%"% ()*')(

=+00- $%(%&$%&,$ (/" 04%"# 1($"- 0# (##*(+ '(5&'*' $"/&"$ CDEBF: 3!"/" 0#+2 %!" +(/)"$% "9"#% &#

0#" 2"(/ &$ %(?"#7 ;!&$ $"/&"$ &$ ($$*'"- %0 1" &#-"."#-"#%: $&#," 0#" ,(##0% ($$*'" %!(% ( A00-

"9"#% !($ (#2 &#A*"#," 0# %!" A00- &# %!" 40++03&#) 2"(/7 ;!" "$%&'(%&0# 04 -&$%/&1*%&0# 4*#,@

%&0#$ ,(# 1" -0#" 3&%! %!" '"%!0- 04 '0'"#%$: %!" '(5&'*' +&?"+&!00- '"%!0- 0/ ./01(1&+&%2

3"&)!%"- '0'"#%$ C<0$?&#) "% (+7 CGHIJ(FF7 <"/": 3" (..+2 %!"$" '"%!0-$ %0 (-(.% %!" KLM %0

A00- $"/&"$7 N# ( #*'1"/ 04 L*/0."(# ,0*#%/&"$: %!" KLM &$ ('0#) %!" /",0''"#-"- ,!0&,"$ 04

-&$%/&1*%&0# 4*#,%&0#$ CB(+&#($ "% (+7 COPGQFF7 N% &$ (+$0 %!" ./"4"//"- -&$%/&1*%&0# &# 0*/ /")&0# 04

&#%"/"$%: K"/'(#27 E0/"09"/: %!" KLM !($ 1""# $"+",%"- !"/": ($ %!" =&$!"/@;&.."%%@K#"-"#?0

;!"0/"' C;!"0/"' R7SF )&9"$ *$ %!"0/"%&,(+ 9(+&-&%2 40/ $*T,&"#%+2 +(/)" n7 N# !2-/0+0)2: %!&$
+&'&% -&$%/&1*%&0# &$ 3&-"+2 (..+&"- C,47 87L7U7V7 CGHWJF: <0$?&#) "% (+7 CGHIJ(FF 1",(*$" 04 %!"

A"5&1&+&%2 04 %!" -&$%/&1*%&0# 4*#,%&0# 3&%! %!/"" .(/('"%"/$X

G(x) = exp

(

−
(

1 + ξ
x− µ

σ

)− 1
ξ

)

40/ 1+ξ(x−µ)/σ > 0: 3!"/" ξ ∈ R &$ %!" $!(." .(/('"%"/: σ > 0 %!" $,(+" .(/('"%"/ (#- µ ∈ R

%!" +0,(%&0# .(/('"%"/ C,47 B",%&0# R7GF7 E0$% ,0''0#+2: 3" !(9" ( .0$&%&9" $!(." .(/('"%"/

&#-&,(%&#) ( !"(92 /&)!% %(&+7 D+$0 %!" +0,(%&0# .(/('"%"/ 04%"# &$ '*,! +(/)"/ %!(# %!" $,(+"

.(/('"%"/ ($ 3" 3&++ $"" +(%"/ 0#7 ;0 9"/&42 %!" K00-#"$$ 04 =&% 04 %!" KLM %0 %!" (##*(+

'(5&'*' $"/&"$ DEB 3" *$"- %!" D#-"/$0#@Y(/+&#) ;"$% (#- %!" D?(&?" N#40/'(%&0# V/&%"/&0#

CDNVF7 ;!" D#-"/$0#@Y(/+&#) %"$% CD#-"/$0# (#- Y(/+&#) CGHJOFF !($: &# ,0#%/($% %0 "7)7 %!"

Z0+'0)0/09@B'&/#09 %"$%: !&)! .03"/ "9"# 3!"# %!" .(/('"%"/$ 04 %!" %"$%"- -&$%/&1*%&0# (/"

"$%&'(%"- 4/0' %!" $('.+" (#- &$ %!"/"40/" 0*/ ,!0&," &# %!&$ ,($"7 ;!" .@9(+*"$ 04 &% ($ 3"++ ($

%!" 9(+*"$ 04 %!" DNV (..+&"- %0 (++ ,0#$&-"/"- )(*)"$ &# %!" E*+-" /&9"/ 1($&# 40/ %!" KLM: %!"

K>Y C3&%! %!/"$!0+- "[*(+ %0 %!" '&#&'*' (##*(+ '(5&'*'F: %!" K*'1"+ CLMNF -&$%/&1*%&0#

(#- %!" >"(/$0#NNN -&$%/&1*%&0#: 3!&,! &$ (# 04%"# *$"- -&$%/&1*%&0# 4*#,%&0# &# A00- $%(%&$%&,$:

(/" )&9"# &# ;(1+" DG &# %!" (.."#-&57

;!" -&$%/&1*%&0# 4*#,%&0# 04 %!" >"(/$0#NNN -&$%/&1*%&0#: 3!&,! &$ ( $!&4%"- K(''(@-&$%/&1*%&0#:

&$ )&9"# 12

F (x) =







1
Γ(ξ)

∫ x−µ
σ

0 tξ−1e−tdt, 40/ σ > 0

1− 1
Γ(ξ)

∫ x−µ
σ

0 tξ−1e−tdt, 40/ σ < 0

3&%! .(/('"%"/$ µ ∈ R, σ 6= 0, ξ > 07
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 ! "#$%&' (&')*+')#, ), -.##/ 0'+')&')1&

 ! "#$ %& '&&$ !(#! )*+ !(& ,-. !(& /01 2' !(& 32'!+2%4!2*$ 52!( !(& (26(&'! , 7 8#94&' #$3 !(&

(:;*!(&'2' *) /01<32'!+2%4!&3 3#!# "#$$*! %& +&=&"!&3>  $ )#"!? !(& ;<8#94&' #+& 8&+: "9*'& !* @

)*+ A*'! 6#46&'>  ! 2' $*! $&"&''#+: !* $*+A#92B& !(& 628&$ 3#!# '2$"& #':A;!*!2" "*$8&+6&$"&

!* # $*$<3&6&$&+#!& +#$3*A 8#+2#%9& "#$ %& #''4A&3> C(& /01 52!( '&8&+#9 ;#+#A&!&+ &'!2<

A#!2*$ A&!(*3' )*+A' !(& %&$"(A#+D !* ';&"2): A*+& +*%4'! &'!2A#!2*$' *) E**3 F4#$!29&'> C*

32G&+&$!2#!& )+*A !(& HIC #;;+*#"( !(#! 5& #;;9:? 5& 4'& !(& #%%+&82#!2*$ ,-. 5(&$ 5& J! #

/01 !* !(& #$$4#9 A#K2A# '&+2&' #$3 +&)&+ !* !(& 4'&3 &'!2A#!2*$ A&!(*3 5(&$ 2! 2' $&"&''#+:>

 !"#$%&!'$()'!*)%+, - .(/ 0%,!+*

 $ "*A;#+2'*$ !* ,-.? !(& HIC A&!(*3 &$9#+6&' !(& 2$)*+A#!2*$ 4'&3 )*+ !(& J!!2$6 %: "*$<

'23&+2$6 $*! *$9: !(& #$$4#9 A#K2A# %4! &8&+: L2$ *4+ "#'& A*$!(9:M A#K2A4A *) 32'"(#+6&

#%*8& # !(+&'(*93? ';&"2):2$6 # E**3> N*+ A*'! 6#46&' L2$"9432$6 $&#+9: #99 6#46&' 2$ /&+A#$:M

A*$!(9: A#K2A# #+& !(& ;&#D 8#94&' *%'&+8&3 52!( !(& 'A#99&'! !2A&<+&'*94!2*$> O#29: A#K2<

A4A 32'"(#+6&' #+& (#+39: #8#29#%9& #$3 5*493 %& 4'&9&'' 2$ !(2' "#'& %&"#4'& *) !(& (:3+*6+#;(

3:$#A2"' 2$ # "#!"(A&$!>

P&! 4' "*$'23&+ # 3#!# '&! (X1, . . . , Xn) 52!( Xi = (X
(1)
i , . . . , X

(d)
i )? !(#! 2'? )*+ &K#A;9&? #

n = 100 :&#+ '&+2&' *) d = 12 A*$!(9: A#K2A4A 32'"(#+6&' 2$ # :&#+> I) "*4+'&? !(2' A*3&9

"*493 #9'* %& #;;92&3 52!( *!(&+ $4A%&+' *) +&#92'#!2*$' d ;&+ :&#+>  ! 2' 2A;*+!#$! !* "*$'23&+

!(#! $*! &8&+: A*$!(9: A#K2A4A "*++&';*$3' !* # E**3 ;&#D? 5(2"( (#' !* %& ';&"2J&3 %: #

!(+&'(*93> .2$"& 5& #+& 2$!&+&'!&3 2$ E**3 '!#!2'!2"'? 5& (#8& !* &K"943& '4"( A*$!(9: A#K2A#?

5(2"( #+& $*! +&9#!&3 !* E**3'? !* #8*23 #8&+#6& *+ 9*5 32'"(#+6&' 2$E4&$"2$6 !(& E**3 '!#!2'!2"'>

N*+ !(& !(+&'(*93 x0 5& 4'& !(& A2$2A4A *) !(& '&+2&' *) #$$4#9 A#K2A#

x0 = min
1≤i≤n

(

max
1≤k≤d

(X
(k)
i )

)

!* *%!#2$ # ;#+!2#9 34+#!2*$ '&+2&'> ,9'*? !(& 2$3&;&$3&$"& %&!5&&$ !(& '2$69& E**3 &8&$!' (#' !*

%& &$'4+&3> Q&+& 5& #;;92&3 #$ #;;+*#"(? '466&'!&3 %: -#9#A43 #$3 C4+"*!!& LRSSTM? 5(&+& #

A2$2A4A !2A& %&!5&&$ !5* E**3 ;&#D' 2' +&F42+&3 !* ';&"2): !5* 2$3&;&$3&$! E**3 &8&$!'> N*+

!(& 5#!&+'(&3' 2$ *4+ 3#!# #;;92"#!2*$ 52!( #+&#' *) '&8&+#9 (4$3+&3' *) DA

2
? 5& 4'& # !2A& ';#$

*) #! 9&#'! '&8&$ 3#:'> N*+ !(& #;;92"#!2*$ *) HIC 5& 4'& # !(&*+&A )+*A &K!+&A& 8#94& !(&*+:

!* J$3 # '42!#%9& 32'!+2%4!2*$? !(& U#9D&A#<3& Q##$<H2"D#$3' C(&*+&A LU#9D&A# #$3 3& Q##$

L@VWXM? H2"D#$3' L@VWYMM>  ! '#:' !(#! !(& "*$32!2*$#9 &K"&'' 32'!+2%4!2*$ *) Y1, . . . , Yn #%*8&

# "&+!#2$ !(+&'(*93 x0 "*$8&+6&' !* # 6&$&+#92B&3 H#+&!* 32'!+2%4!2*$ L/HOM 52!( 32'!+2%4!2*$

)4$"!2*$

F (x) = 1−
(

1 + κ
x− x0

β

)− 1
κ

)*+ x > x0 2) )*+ !(& '(#;& ;#+#A&!&+ κ ≥ 0? #$3 x0 ≤ x ≤ x0 − β/κ *!(&+52'&? #$3 !(& '"#9&

;#+#A&!&+ β > 0 L'&& #9'* .&"!2*$ T>@M>

N*+ !(& "*$32!2*$#9 &K"&'' 32'!+2%4!2*$? A#$: *!(&+ 32'!+2%4!2*$ )4$"!2*$' "#$ %& 4'&3? &';&"2#99:

!(& ';&"2#9 "#'& κ = 0 *) !(& /HO? 5(2"( 2' "#99&3 !(& '(2)!&3 &K;*$&$!2#9 32'!+2%4!2*$

F (x) = 1− exp

(

−x− x0
β

)

,

)*+ x > x0> Z*'%=&+6 &! #9> L@VVRM (#8& '(*5$ !(#! !(2' 32'!+2%4!2*$ 2' ;+&)&+#%9& )*+ A*3&992$6

!(& &K"&&3#$"&' 2$ !(& "#'& 5(&+& κ < 0.1? #' 2! 628&' # %&!!&+ #;;+*K2A#!2*$ !* !(& 3#!#> C(&

VS



 !"! #$$%&'()(*+ &$, -*+(.$ /'00,+

 !!"#$ %#&' &( %)* +% %#+%#$ " %*+% %& %*+% %)* ),!&%)*+#+ &( κ = 0 !-&!&+*. /, 0&+1#'2 *%  "3

45678 9  + :*""  + $ "$;" %#&' &( %)* <=> +)&: %) % (&- κ < 0.1 %)* *?!&'*'%# " .#+%-#/;%#&' #+

!-*(*- /"* %& %)* $&--*$% @AB3 C*D*-%)*"*++E %& *'+;-*  )#2) .*2-** &( F*?#/#"#%,  '. +#'$* G&+%

&( %)* 2 ;2*+ ) D*  ! - G*%*- κ > 0.1E :* ;+* %)* @ABE :)#$) $ ' /* -*.;$*. %& %)* +!*$# "

$ +* &( %)* *?!&'*'%# " .#+%-#/;%#&'3

0*-*E %)* %)-*+)&". ! - G*%*- x0 #+ 2#D*' /, .*H'#%#&'  '. .&*+ '&% '**. %& /* *+%#G %*.3

0&:*D*-E #% #+ #G!&-% '% %& G*'%#&' %) % %)* $)&#$* &( #% !" ,+  $-;$# " -&"* #' %)* /*) D#&;-

&( %)* *+%#G %*+ 4$(3 I*2;*-# 4JKK8993 L+ :*  -* #'%*-*+%*. #'  ''; " -*%;-' !*-#&.+E &'*

!-&/"*G -*G #'+3 M* ) D* %& %- '+(&-G %)* -*+;"%+ :* 2*% (-&G %)* @ABE %)* .#+%-#/;%#&' &(

%)* G 2'#%;.* &( *?$*++*+E #'%&  ''; " -*%;-' !*-#&.+3 N)* -*" %#&'+)#! /*%:**'  ''; " G ?#G 

 '. %)* ! -%# " .;- %#&' +*-#*+ $ ' /* +!*$#H*.  + (&""&:+E :)*-* :* .*'&%* %)*  ''; " ';G/*-

&( *?$**. '$*+ &( x0 /, %)* G&'%)", G ?#G :#%) l3 O+#'2 %)* %&% " !-&/ /#"#%, %)*&-*GE :*

&/% #' (&- %)* .#+%-#/;%#&' (;'$%#&' &( %)*  ''; " G ?#G Fa 4$(3 =) '*  '. P,'' 456QR99

Fa(x) =

∞∑

k=0

P(l = k) (F (x))k ,

:)*-* P(l = k) #+ %)* !-&/ /#"#%, %) % %)*  ''; " ';G/*- &( *?$**. '$*+ &( x0 *S; "+ k3 N)*

G&+% !&!;" - .#+$-*%* .#+%-#/;%#&' (&- .*+$-#/#'2 %)* &$$;--*'$* &( - -* *D*'%+ #+ %)* A&#++&'

.#+%-#/;%#&' :#%)

PP (l = k) =
λk

k!
e−λ

4T359

/ +*. &' %)*  ++;G!%#&' %) % %)* ;'.*-",#'2 !-&$*++ #+  A&#++&' !-&$*++3 U% +**G+E %)*-*(&-*E

' %;- " %& ;+* %)#+ .#+%-#/;%#&'  "+& #' %)* $ +* &( %)*  ''; " ';G/*- &( *?$**. '$*+E  '.  $%; "",

%)#+ #+ .&'* #' G&+% $ +*+ 4*323 V;'' '* 456TW9E X&+/Y*-2 456789E =%*.#'2*- *%  "3 4566W993 N)*

! - G*%*- λ -*!-*+*'%+ /&%) %)* G* '  '. %)* D -# '$* &( %)* .#+%-#/;%#&'  '. #+ *+%#G %*. /,

%)* G* ' &( %)*  ''; " ';G/*- &( *?$**. '$*+

λ̂ =
1

n

n∑

i=1

d∑

j=1

 

[X
(j)
i >x0]

.

C*D*-%)*"*++E %)*  !!"#$ %#&' &( %)* A&#++&' .#+%-#/;%#&'  "+& ) + +&G* .#+ .D '% 2*+ #' %)* $ +*

&( ! -%# " .;- %#&' +*-#*+3 Z'* #G!&-% '% !&#'% #+ %) % *S; %#&' 4T359 +!*$#H*+ !-&/ /#"#%, G ++ (&-

*D*-, k = 0, 1, . . . , *D*' (&- k > d3 0 D#'2 #' G#'. %)* *? G!"* &( d = 12 G&'%)", G ?#G *D*-,

,* - #% #+ '&% !&++#/"* %) % x0 :&;". /* *?$**.*. G&-* %) ' 12 %#G*+ !*- ,* -3 L'&%)*- !-&/"*GE

:)#$) ) + /**' .#+$;++*. #' %)* "#%*- %;-*E #+ %)*  ++;G!%#&' &( *S; " G* '  '. D -# '$*E :)#$) #+

%)* $ +* (&- %)* A&#++&' .#+%-#/;%#&'E /;% .&*+ '&%  ": ,+ )&". 4N *+&G/;%  '. [*DY*D#$) 456T79E

V;'' '* 456T69E \']^  '. I , ^#% 4JKK5993 _&- %)#+ -* +&' :* $&'+#.*- .#`*-*'% .#+%-#/;%#&'+

 '. $&G! -* %)* -*+;"%+3 < %)*G %#$ "",E %)* /#'&G# " .#+%-#/;%#&' #+  !!"#$ /"* +#'$* #% #+  

%,!#$ " .#+%-#/;%#&' (&- .*+$-#/#'2 %)* ';G/*- &( *?$**. '$*+ &(  %)-*+)&". #'  + G!"* 4\']^

 '. I , ^#% 4JKK5993 U%+ !-&/ /#"#%, G ++ (;'$%#&' #+ 2#D*' /,

PB(l = k) =

(
r

k

)

pk(1− p)r−k,

:)*-* p #+ %)* !-&/ /#"#%, &(  ' *?$**. '$* &( %)* %)-*+)&".  '. #+ *+%#G %*.  +

p̂ =
1

nd

n∑

i=1

d∑

j=1

 

[X
(d)
i >x0]

.
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 ! "#$%&' (&')*+')#, ), -.##/ 0'+')&')1&

 ! "#$$%&'( r = d )* +,$&- .#* /0$12*3 $4 #+,&'( /0$1+1&2&.! 3+%% 4$0 k > d %&'"* .#*' .#*
 &'$3&+2 -&%.0&15.&$' 45'".&$' *65+2% 07 8$.* .#+. .#*  &'$3&+2 -&%.0&15.&$' "$',*0(*% .$ .#*
9$&%%$' -&%.0&15.&$' 4$0 r → ∞ +'- p → 0 )&.# rp → λ7
:% .#* .#&0- +'- 2+%. -&%.0&15.&$'; )* 5%* + -&%.0&15.&$' /0$/$%*- 1! <531*2 +'- ="#*22&'(

>?@ABC

PG(l = k) =

(
nd
m

)
m
(
d
k

)

d(1 + n)
(d(n+1)−1

m+k−1

) ,

)#*0* m &% .#* 0+'D $4 x0 &' .#* %+3/2* (X1, . . . , Xn) >+22 3$'.#2! 3+E&353 ,+25*% $4 +22 !*+0%C

&' -*"0*+%&'( $0-*07 F4 n, d → ∞; .#* 0+.&$ m/n 0*3+&'% "$'%.+'. >m 1*&'( +//0$E&3+.*2!

.#* 3*-&+' $4 .#* %+3/2*C +'- n/d → 1; <531*2 +'- ="#*22&'( >?@ABC #+,* %#$)' .#+. .#&%
-&%.0&15.&$' "$',*0(*% +%!3/.$.&"+22! .$ + '$03+2 -&%.0&15.&$'; )#&"# &% + "+%* $4 .#* "*'.0+2

2&3&. .#*$0*37 G.#*0)&%*; &4 n, d → ∞ +'- m +'- k 0*3+&' %3+22; &. "$',*0(*% .$ .#* 9$&%%$'
-&%.0&15.&$'7 H#&% -&%.0&15.&$' #+% .#* +-,+'.+(* .#+. )* -$ '$. #+,* .$ *%.&3+.* +'! /+0+3*.*0%

+'- .#*0*4$0* #+,* '$ 5'"*0.+&'.&*% +. .#&% /$&'.7 H#* $'2! +%%53/.&$' '**-*- &% "$'.&'5&.!

$4 .#* -+.+7 H#* -&I*0*'"*% +3$'( .#*%* .#0** -&%.0&15.&$'% +0* %#$)' 1! .#* *E+3/2* $4 +

<*03+' J$$- %*0&*% >K&(50* L7MC7 H#* 9$&%%$' -&%.0&15.&$' #+% + 10$+-*0 15. J+..*0 1*#+,&$50;

)&.# /0$1+1&2&.! 3+%% *,*' 4$0 k > 12; .#+. &%; +' *E"**-+'"* $4 3$'.#2! 3+E&353 -&%"#+0(*%

$4 + .#0*%#$2- 3$0* .#+' 12 .&3*% + !*+07 H#*  &'$3&+2 +'- <531*2N="#*22&'( -&%.0&15.&$'%
#+,* + %&3&2+0 1*#+,&$50; +2.#$5(# .#* <531*2N="#*22&'( -&%.0&15.&$' #+% + 2+0(*0 %D*)'*%%7 H#*

&'J5*'"* $4 .#* -&I*0*'. %#+/*% #+% 1**' *E+3&'*- 1! "$3/+0&'( .#* .#0** -&I*0*'. 9GH 3$-*2%

>9$&%%$';  &'$3&+2 +'- <531*2N="#*22&'(C ,&+ .#*&0 65+'.&2*%7 H#* 0*%52.% +0* %&3&2+0 .$ .#$%*

$4 O'PQ +'-  +!+Q&. >RBB?C7 H#* &'J5*'"* $4 .#* "#$%*' )*&(#.&'( -&%.0&15.&$' &% '*(2&(&12*;

0*(+0-2*%% $4 .#* *%.&3+.*- 65+'.&2*7 : /$%%&12* 0*+%$' 4$0 .#* %&3&2+0&.! $4 +22 0*%52.% "$52- 1*

.#+. .#* 9$&%%$' -&%.0&15.&$' &% .#* 2&3&. -&%.0&15.&$' $4 1$.# .#*  &'$3&+2 +'- .#* <531*2N

="#*22&'( -&%.0&15.&$'%7 H#5%; &' .#* 4$22$)&'( )* )&22 5%* .#* 9$&%%$' -&%.0&15.&$' %&'"* .#*

3$-*2 &% 35"# *+%&*0 .$ +//2! .#+' .#* $.#*0%7 S$31&'&'( .#* 9$&%%$' -&%.0&15.&$' )&.# .#*

<9T; )* $1.+&' .#* 4$22$)&'( -&%.0&15.&$' 45'".&$' $4 +''5+2 3+E&3+

Fa,P (x) =
∞∑

k=0

λk

k! e
−λ

(

1−
(

1 + κx−x0
β

)− 1
κ

)k

= e−λ exp

(

λ

(

1−
(

1 + κx−x0
β

)− 1
κ

))

= exp

(

−λ
(

1 + κx−x0
β

)− 1
κ

)

.

H#&% &% .#* <UV -&%.0&15.&$' )&.# /+0+3*.*0% ξ = κ; σ = βλκ
+'- µ = x0 − β(1− λκ)/κ7

 !"#$%!& '()"*"%+(!+($%

: /0*"$'-&.&$' $4 *E.0*3* ,+25* %.+.&%.&"% &% .#* +%%53/.&$' .#+. .#* $1%*0,+.&$'% +0* #$3$(*N

'*$5%; &7*7 %51W*". .$ + "$33$' %*. $4 4$0"*% ><531*2 >?@X?CC7 H#* +%%53/.&$' $4 +' Y&'-*N

/*'-*'. &-*'.&"+22! -&%.0&15.*- 0+'-$3 ,+0&+12*Z #+% 1**' "0&.&"+22! -&%"5%%*- 1! %*,*0+2 +5.#$0%

>*7(7 [2*3*\ >RBBBCC7 G'* +0(53*'. +(+&'%. .#&% +%%53/.&$' +0* .#* -&I*0*'. $0&(&'% $4 J$$-%7

: J$$- /*+D )&.# + "*0.+&' %&Q* "+' 0*%52. 40$3 %*,*0+2 3*.*$0$2$(&"+2 "$'-&.&$'% +'- -&I*0*'.

"$31&'+.&$'% $4 #!-0$2$(&"+2 /0$"*%%*%7 G4.*' -&I*0*'. J$$- .!/*% >*7(7 2$'(N0+&' J$$-%; %#$0.N

0+&' J$$-%; J+%# J$$-%; 0+&'N$'N%'$) J$$-% +'- %'$)3*2. J$$-%C +0* 3&E*- )&.#&' + %&'(2*

%*0&*% $4 +''5+2 3+E&3+7 F' 3+'! "+%*% &'-&,&-5+2 .!/*% -$3&'+.* .#* 0*(&$'+2 J$$- "$'-&.&$'%

>]*0Q +'-  2P%"#2 >RBBMCC; 15. .#* 65*%.&$' 0*3+&'% $/*' &4 0+0* +'- *E.0+$0-&'+0! *E.0*3*

*,*'.% 1*2$'( &'.$ .#* %+3* "+.*($0! +% .#* 3+W$0&.! $4 %3+22 +'- +,*0+(* J$$-%7 :' +..*3/.

.$ "$'%&-*0 .#&% #*.*0$(*'*&.! $4 J$$- .!/*% &% %*+%$'+2 %.+.&%.&"%7 :% %$3* J$$- .!/*% $""50

@R



 !"! #$$%&'()(*+ &$, -*+(.$ /'00,+

 !"#$% &'(') *!+%$%,-%. /%01%%, 02% 3!.-$%0% 3!.0$!/#0!4, 5#,-0!4,. 45 02% ,#6/%$ 45 %78

-%%39,-%. k 45 02% 02$%.24:3 ;6!,!6#6 9,,#9: 697!6#6< !, 9 =%9$ 54$ 02% >4%$8

!0?29!,@A2%6,!0? "9#"%' B2% C!,46!9: 9,3 >#6/%:8D-2%::!," 3!.0$!/#0!4,. E0 6#-2

/%00%$ 04 02% F%9G 45 02% 4/.%$H%3 F$4/9/!:!0!%. 9,3 9:.4 29H% ?%$4 F$4/9/!:!0= 54$

k8H9:#%. :9$"%$ 029, IJ'

K(



 ! "#$%&' (&')*+')#, ), -.##/ 0'+')&')1&

 !"#$% &'(') *+,-./0 1%2,3 +4 5!36.2$"% 27%$2"%3 8*9: 2,5 12;!12 8*<9:= 5%$!7%5 4$+1 /+,"

3%$!%3 80%2$3 >?>> -+ @A>A: 4+$ -B+ "2#"%3 !, -.% *#/5% C23!,' D 3%23+,2/!-0 62, C%

4+#,5 B!-. -.% 72/#%3 C%/+,"!," -+ -.% 1+,-.3 *2$6. 2,5 DE$!/= !,5!62-!," 2 3-$+,"

!,F#%,6% +4 3,+B 1%/- 62#3%5 C0 -.% 6/+3% /+62-!+, -+ -.% G$% 1+#,-2!,3'

+,/0 !, 2 3E%6!H6 3%23+, +4 -.% 0%2$ 8%'"' 3,+B1%/- !,5#6%5 F++53 !, B!,-%$ C#- 3.+$-I$2!, F++53

12!,/0 !, 3#11%$: 3%23+,2/ F++5 3-2-!3-!63 2$% 2, +E-!+, -+ !,6$%23% -.% .+1+"%,%!-0 B!-.!,

-.% 3E/!- 321E/%3' D 3#C5!7!3!+, +4 -.% 0%2$ !,-+ -B+ E%$!+53 8B!,-%$ 2,5 3#11%$: .23 C%%,

E$+E+3%5 %'"' C0 J20/%, 2,5 J++ 8>?K@:' L.% -B+ H--%5 5!3-$!C#-!+, 4#,6-!+,3 8+,% 4+$ $2!,42//

"%,%$2-%5 F++53 2,5 -.% +-.%$ 4+$ 3,+B1%/- F++53: .27% C%%, 6+1E+#,5%5' L.% C23!6 !5%2 +4

3#6. 2, 2EE$+26. !3 C23%5 +, -.% 233#1E-!+, -.2- F++53 2EE%2$!," !, +,% 3%23+, 2$% !5%,-!62//0

5!3-$!C#-%5= B.!6. !3 %33%,-!2/ !, 3-2,52$5 3-2-!3-!62/ !,4%$%,6% 8D//212,+ %- 2/' 8@A>>::' M%7%$2/

1%-.+53 4+$ 5%E!6-!," -.% F++5 3%23+,2/!-0 .27% C%%, 5%7%/+E%5' N0 1%2,3 +4 5!$%6-!+,2/ 3-2-!3I

-!63= N20/!33 2,5 O+,%3 8>??P: 3E%6!H%5 -.% 2,,#2/ 1%2, 520 +4 F++5 85!$%6-!+,2/ 1%2,: 2,5 2

F++5 72$!2C!/!-0 1%23#$%' L.% /23- +,% !3 2 1%23#$% +4 3%23+,2/!-0= 5%36$!C!," .+B 1#6. 2,,#2/

12;!12 2$% 6+,6%,-$2-%5 B!-.!, 2 E%$!+5 +4 -.% 0%2$' L.%$% 2$% 3%7%$2/ +E-!+,3 -+ 3#C5!7!5% 2

0%2$ !,-+ 3%23+,3' Q, 3+1% 623%3= %'"' !, $%3%$7+!$ 12,2"%1%,-= E$26-!62/ ,%%53 5%-%$1!,% 2$C!I

-$2$0 3%/%6-!+,3= %'"' -+ 3E%6!40 2 72$0!," F++5 3-+$2"% 62E26!-0 B!-.!, 2 0%2$' M-2-!3-!6 C23%5

3#C5!7!3!+,3 .27% C%%, E$+E+3%5 #3!," 5!$%6-!+,2/ 1%2, 2,5 72$!2,6% 1%23#$%3 8N#$, 8>??&::

+4 2,,#2/ F++53 +$ $%/2-!7% 4$%R#%,6!%3 +4 F++5 +66#$$%,6%3 !, 1+,-.3 8S#,5%$/!T %- 2/' 8@AA(::'

<%$%= B% B2,- -+ !,-$+5#6% 2 3%23+,2/ 1+5%/ H$3-= B.%$% -.% 3%23+,3 2$% 3!1E/0 5%-%$1!,%5 C0

-.% +66#$$%,6% !, -.% 0%2$' U%7%$-.%/%33= !- !3 2EE/!62C/% 2/3+ 4+$ +-.%$ 5!3-!,6-!+, +4 3#C3%-3' L.%

$%3#/-3 E$%3%,-%5 .%$% 2,5 !, -.% 4+//+B!," -B+ 3%6-!+,3 2$% E#C/!3.%5 !,  !36.%$ %- 2/' 8@A>VC:'

L.% 6/!12-!6 3%23+,2/!-0 +4 -.% $#,+W 2,5 F++5 $%"!1%3 !3 3.+B, !,  !"#$% &'( 4+$ -B+ 62-6.1%,-3'

N0 -.% /+,"I-%$1 27%$2"%3 +4 1+,-./0 12;!12 !- C%6+1%3 %7!5%,- .+B -.% 3%23+,2/ 5!3-$!C#-!+,

+4 F++53 5!W%$3 4$+1 -.% "%,%$2/ 3%23+,2/ $#,+W $%"!1%' L.% 3%23+,2/ 5!3-$!C#-!+, +4 $#,+W .23

!-3 12;!1#1 !, /2-% 3E$!," 2,5 !-3 1!,!1#1 !, 2#-#1,' L.% F++5 E%2T 27%$2"%3 2$% 2/3+ .!".

!, 3E$!," 8$%3#/-!," 4$+1 3,+B1%/- 2,5 B%- 3+!/ 6+,5!-!+,3: C#- -.%$% !3 +4-%, 2 12;!1#1 2/3+

!, 3#11%$ 8O#/0XD#"#3-:' D// 2,,#2/ F++5 3%$!%3 6+,-2!, B!,-%$ 2,5 3#11%$ F++53'

Q4 B% 266%E- -.2- F++5 3%$!%3 2$% .%-%$+"%,%+#3 2,5 3%7%$2/ 5!3-$!C#-!+,3 ,%%5 -+ C% 6+1C!,%5=

-.% R#%3-!+, !3 .+B -.% 0%2$/0 E$+C2C!/!-!%3 +4 2 F++5 E%2T 62, C% %3-!12-%5' Q, -.% H%/5

+4 12-.%12-!62/ 3-2-!3-!63 2 1!;!," 5!3-$!C#-!+, !3 5%H,%5 23 -.% E$+C2C!/!-0 5!3-$!C#-!+, +4 2

$2,5+1 72$!2C/% "2!,%5 C0 2 6+1C!,2-!+, +4 +-.%$ $2,5+1 72$!2C/%3' Q, -.!3 623% -.% 6#1#/2-!7%

5!3-$!C#-!+, 4#,6-!+, +4 2 H,!-% 1!;-#$% 1+5%/ 62, C% 62/6#/2-%5 C0 2 6+,7%; 6+1C!,2-!+, +4 -.%

?(



 !"! #$$%&'()(*+ &$, -*+(.$ /'00,+

 !"#$!%&#!'( )&(*#!'(" ') #+,", $-( '. /-$!-%0,"

F (x) =

k∑

i=1

ωiFi(x), 12345

6+,$, ωi > 0 -$, #+, .!7#&$, 6,!8+#" 6!#+

∑k
i=1 ωi = 19 Fi -$, #+, .!7#&$,  !"#$!%&#!'(" -( k

!" #+, (&.%,$ ') .!7#&$, *'.:'(,(#"3 ;( #+, ",-"'(-0 +< $'0'8!*-0 ",##!(8 #+!" .,-(" #+-# 6,

+-/, )'$ ,/,$< ",-"'( i = 1, . . . , k '(,  !"#$!%&#!'( )&(*#!'( Fi #+-# +-" - *,$#-!( !(=&,(*, ωi '(

#+, ",$!," ') -((&-0 .-7!.-3 ><:!*-00<9 #+, 6,!8+#" ωi 6'&0 %, *+'",( -" #+, :$'%-%!0!#< #+-#

-( -((&-0 .-7!.&. '$!8!(" )$'. ",-"'( i3
;# !" ('# (,*,""-$< #+-# #+, Fi %,0'(8 #' #+, "-.,  !"#$!%&#!'( )-.!0< '$ +-/, #+, "-., (&.%,$

') :-$-.,#,$"3 ;) #+,< -$, *'(#!(&'&"9 #+, .!7!(8  !"#$!%&#!'( !" -0"' *'(#!(&'&" -( #+, .!7!(8

 ,("!#< ,7!"#"3 ?  ,#-!0, !(#$' &*#!'( #' @(!#, .!7!(8  !"#$!%&#!'(" *-( %, )'&( )'$ ,7-.:0,

!( A*B-*+0-( -( C,,0 14DDE53 F'""! ,# -03 1GHIE5 +-/, :$':'", - #6' *'.:'(,(# .!7!(8

 !"#$!%&#!'( %-", '( #6'  !J,$,(# K&.%,0  !"#$!%&#!'("9 6+!*+ *'.%!(," #+,  !J,$,(# ='' 

*-&"," -  !#!/,0<3 L'$ #+!" .' ,0 @/, :-$-.,#,$" +-/, #' %, -"","", 3 ;) #+,  !"#$!%&#!'( ')

#+, *'.:'(,(#" !" ('# M('6(9 !# !" $-#+,$  !N*&0# #' ,"#!.-#, #+, .!7#&$, .' ,03 ?# 0,-"# #+,

(&.%,$ ') .!7!(8 *'.:'(,(#" "+'&0 %, M('6(9 '#+,$6!", -( '/,$,"#!.-#!'( !" :'""!%0, 1O',"

1GHPP5Q B,$'&7 1GHH4553

;) 6, *'("! ,$ ",-"'(-0 *'.:'(,(#" 6, *-( &", .'$, !()'$.-#!'( -%'&# #+,  -#- #+-( #+, )-*#

#+-# #+,< *-( %, .' ,00, "#'*+-"#!*-00<3 R, *-( -""&., #+-# "&..,$ -( 6!(#,$ ='' " -( 

#+,$,)'$, #+, $-( '. /-$!-%0," XS -( XW -$, !( ,:,( ,(#3 ?  !#!'(-00<9 #+, -((&-0 .-7!.&.

!" !( -(< *-", #+, .-7!.&. ') #+, "&..,$ -( #+, 6!(#,$ -((&-0 .-7!.&.3 S!*, /,$"-9 !) #+,

-((&-0 .-7!.&. XA  '," ('# ,7*,, "'., /-0&, x9 #+,( -0"' #+, "&..,$ -" 6,00 -" #+, 6!(#,$

-((&-0 .-7!.&. .&"# ('# ,7*,, #+!" /-0&,3 >+&"9 #+, -((&-0 ('(T,7*,, -(*, :$'%-%!0!#< *-(

%, ,"#!.-#, .&0#!:0!*-#!/,0< 1>' '$'/!* -( F'&",00, 1GH2G55U

P(XA ≤ x) = P(max(XS , XW ) ≤ x) = P(XS ≤ x,XW ≤ x) = P(XS ≤ x)P(XW ≤ x). 123V5

>+!" -::$'-*+ +-" #+, - /-(#-8, #+-# '(,  '," ('# +-/, #' ,"#!.-#, - 6,!8+#!(8 )-*#'$ 1R-<0,(

-( R'' 1GHI4553

R, -::0!, %'#+ -::$'-*+,"9 #+, "#-#!"#!*-0 .!7!(8 1,W3 123455 -( #+, .-7!.&. .!7!(8 1,W3

123V55 -::$'-*+9 #' =''  -#- )$'. #+, GH 8-&8," !( #+, A&0 , $!/,$ %-"!(3 ;( #+, .!7!(8

-::$'-*+9 #+, ",-"'(-0!#< ') ='' ,/,(#" +-" %,,( +-( 0, !( - "!.!0-$ .' ,0 -" :$':'", %<

F'""! ,# -03 1GHIE53 ?" -%'/,9 #+, -((&-0 %0'*M .-7!.- -$, .' ,00, %< - KXS  !"#$!%&#!'(3

?  !#!'(-00<9 6, #,"#, #+, -::0!*-%!0!#< ') #+, KXS  !"#$!%&#!'( #' "&..,$ -((&-0 .-7!.-9

6!(#,$ -((&-0 .-7!.- -( #+, -((&-0 .-7!.&. ",$!," &"!(8 #+, ?;Y 1*'.:-$, #' #+$,, '#+,$

*'..'(  !"#$!%&#!'("5 -( #+, ?( ,$"'(TZ-$0!(8 #,"# 1>-%0, ?G !( #+, -::,( !753 ?0#+'&8+

#+, C,-$"'(;;;  !"#$!%&#!'( +-" 0'6,$ ?;Y /-0&,"9 #+, :T/-0&," ') #+, ?( ,$"'(TZ-$0!(8 #,"# -$,

.&*+ +!8+,$ )'$ #+, KXS3 L'$ #+, C,-$"'(;;;  !"#$!%&#!'( #+, :T/-0&," ') #+, ?( ,$"'(TZ-$0!(8

#,"# "'.,#!.," ,/,( 0,- #' $,[,*#!'( ') #+, +<:'#+,"!" 1p = 0.032 )'$ \',%0!#]53 ?  !#!'(-00<9

#+, /-0&," )'$ #+, ?;Y )'$ KXS -( C,-$"'(;;;  ' ('#  !J,$ .&*+3 ^,(*,9 )'$ %'#+ .' ,0" #+,

.-$8!(-0  !"#$!%&#!'(" ') #+, "&..,$ -( 6!(#,$ ,/,(#" -$, -""&., #' %, KXS  !"#$!%&#, 3

>+,$,)'$,9 #+$,, :-$-.,#,$" +-/, #' %, ,"#!.-#, )'$ ,-*+ ",-"'(U

Fi(x) = P(Xi ≤ x) = exp

(

−
(

1 + ξi
x− µi

σi

)− 1
ξi

)

,

H_



 ! "#$%&' (&')*+')#, ), -.##/ 0'+')&')1&

 !" 1 + ξi(x − µi)/σi > 0  !"# $#%&' &%(%)'"'( ξi ∈ R * $+%,' &%(%)'"'( σi > 0 %-. ,/+%"!/-
&%(%)'"'( µi ∈ R %-. i = W,S0

1/( &%(%)'"'( '$"!)%"!/- "#' L2)/)'-"$ %(' 3$'. !- '4'(5 +%$'0 67  ' +/-$!.'( "#%" 8//.$ ./ -/"
/++3( !- '4'(5 $'%$/- !- '4'(5 5'%(*  ' #%4' "/ %&&,5 +'-$/('. $'(!'$*  #'(' %- '9"(% &%(%)'"'(

.'$+(!:'$ "#' &(/:%:!,!"5 "#%" "#' $'%$/-%, )%9!)3) $"%5$ :',/ % "#('$#/,. x0*  #!+#  ' 3$'
"/ +'-$/( "#' .%"%0 ;'('  ' ('&,%+' "#' -/-2'9+''.%-+' &(/:%:!,!"5 /7 "#' $3))'( ('$&'+"!4',5

 !-"'( '4'-"$ :5

P0,i + (1− P0,i)P(Xi ≤ x)

 !"# P0,i :'!-< "#' &(/:%:!,!"5 "#%" "#' '4'-" Xi !$ $)%,,'( "#%- "#' "#('$#/,. x0 %-. i = W,S
!-.!+%"!-< "#' $3))'( /(  !-"'( '4'-"0 =#' >3'$"!/- %(!$'$ !7 "#!$ $#/("'-!-< /7 "#' .%"% $#/3,.

:' +/-$!.'('. !- "#' &%(%)'"'( '$"!)%"!/-0 =#'('7/('*  ' 4'(!75 !- % $!)3,%"!/- $"3.5 "#%" "#'

$#/("'-!-< !- "#' ,'7" "%!, #%$ -/ $!<-!?+%-" !-83'-+' /- /3( $"3.!'$0 @!-+'  ' %(' !-"'('$"'. !-

#!<# >3%-"!,'$ ABCD %-. #!<#'(E  ' !-4'$"!<%"'. "#' !-83'-+' /7 "#' $#/("'-!-< /- "#' '$"!)%"!/-

/7 "#'$'0 =/ +/)&%(' "#' "5&!+%, #5.(/,/<!+%, $'""!-<  !"# % )/(' %$5)&"/"!+ /-'* $%)&,'$ /7

,'-<"# n = 100 %-. n = 1000 %(' <'-'(%"'.0 =#' &%(%)'"'( 4%(5 :'" ''- ξ = {0.1, 0.3, 0.6}*
σ = {2, 8, 12, 20} %-. µ = {10, 30, 50, 100}*  #!+# ('&('$'-" )/$" /7 "#' &%(%)'"'( $'"$ /7 "#'
+/-$!.'('. <%3<'$0 F' "#'- +%,+3,%"' "#' >3%-"!,' /7 "#'  #/,' $'(!'$ %-. "#' $"%-.%(. '((/( 7/(

% <!4'- %--3%,!"5 T

s2T =

(
∂xT
∂σ

)2

G%( (σ) +

(
∂xT
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"#$ &.0'5$ ), ;@A+.52$&6 B$ &".-" :3"# "#$ )-*$- &"."3&"3/ ), "#$ "-3'5$ (xi, yi, TQi) 9.&$* )!

"#$ ;@ +.52$6 C,"$- &)-"3!1 "#$ $+$!"& .//)-*3!15< ") TQ(1) ≤ . . . ≤ TQ(n) :$ *$!)"$ "#$ '$.>
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 !"#$ %&'&( )*++$#!,-*. /*$0/-$.,1 "$,2$$. ,3$ 4$!.  51 6*+ /!,/34$.,1 2-,3 !+$!1 14!##$+ ,3!.

788 94

2
: ,3$ /*#*;+ -.<-/!,$1 ,3$ 1-=.->/!./$ *6 ,3$ /*++$#!,-*. 2-,3 +$< "$-.= 3-=3#?

1-=.->/!., !.< 23-,$ "$-.= .*, 1-=.->/!.,

@$!.  5 13*+,

$A$.,1 2-.,$+

@$!.  5 #*.=

$A$.,1 2-.,$+

@$!.  5 BC

$A$.,1 2-.,$+

@$!.  5 13*+,

$A$.,1 1;44$+

@$!.  5 #*.=

$A$.,1 1;44$+

@$!.  5 #*.=

$A$.,1 1;44$+

8&D'D' E8&8FGHI 8&DH%J E8&8F8DI 8&D'HFE8&8FG%I 8&JD8% E8&G8HGI K

@$!.  5 13*+,

$A$.,1 1;44$+

8&F%'D E8&HH8HI K8&88GH E8&LLJGI 8&8DG8 E8&7JJGI K 8&JD8%E8&G8HGI

@$!.  5 BC

$A$.,1 2-.,$+

8&%HLG E8&88FDI 8&7HJ% E8&888FI K 8&8DG8 E8&7JJGI 8&D'HFE8&8FG%I

@$!.  5 #*.=

$A$.,1 2-.,$+

8&LFJG E8&888I K 8&7HJ% E8&888FI K8&88GH E8&LLJGI 8&DH%JE8&8F8DI

@$!.  5 13*+,

$A$.,1 2-.,$+

K 8&LFJG E8&888I 8&%HLG E8&88FDI 8&F%'D E8&HH8HI 8&D'D' E8&8FGHI

M. /*.,+!1,N 6*+ ,3$ 1-O #!+=$ /!,/34$.,1 E!+$!1 !"*A$ 788 94

2
IN ,3$ 1#*P$1 *6 P$!9KA*#;4$

+$#!,-*.13-P1 *6 13*+, !.< #*.= $A$.,1 -. 1;44$+ !+$ /*++$#!,$< E/*++$#!,-*. /*$0/-$., -1 8&7%H:

p = 0.026I&  3-1 <-Q$+$./$ "$,2$$. #!+=$ !.< 14!## /!,/34$.,1 -1 -.,$+$1,-.=& M. =$.$+!# ,3$
<-Q$+$./$1 *6 ,-4$1/!#$1 "$,2$$. #*.= !.< 13*+, $A$.,1 -. 1;44$+ <$/#-.$ 2-,3 ,3$ -./+$!1$

*6 ,3$ <+!-.!=$ !+$!1&  * -.A$1,-=!,$ ,3$ /*3$+$./$ *6 ,3$ P$!9KA*#;4$K+$#!,-*.13-P1 !.< ,3$

/!,/34$., 1-R$N ! 4$!1;+$ 6*+ ,3$ <-Q$+$./$ "$,2$$. #*.= !.< 13*+, S**<1 3!1 ,* "$ <$>.$<&

T*+ ,3-1 P;+P*1$ 2$ /!#/;#!,$ ,3$ !A$+!=$ <-1,!./$ *6 ,3$ #*.=K$A$., A*#;4$1 ,* ,3$ P$!9KA*#;4$

+$=+$11-*. #-.$ *6 ,3$ 13*+, $A$.,1&  * *",!-. ! 1/!#$K-.<$P$.<$., 4$!1;+$N 2$ !<<-,-*.!##? <-A-<$

-, "? ,3$ !A$+!=$ A*#;4$ E$1,-4!,$< "? ,3$ 4$<-!.I *6 #*.= $A$.,1 !, ,3$ =!;=$&  3-1 ?-$#<1 ,3$

6*##*2-.= 6*+4;#!

D =

1
n−r0

n∑

j=r0

(

y|TQ(j)
− βs · x|TQ(j)

)

4$<(y|TQ(j)
|r0 ≤ j ≤ n)

,

23$+$ r0 -1 ,3$ +!.9 *6 TQ0 !.< βS -1 ,3$ +$=+$11-*. /*$0/-$., *6 ,3$ #-.$!+ +$=+$11-*. *6 ,3$
1!4P#$ *6 13*+, $A$.,1 (x|TQ(j)

, y|TQ(j)
)N 1 ≤ j < r0&  !9-.= ,3$ 23*#$ 1$+-$1N ,3!, -1 r0 = 1N !.<

/3**1-.= βS !1 ,3$ 1#*P$ *6 ,3$ +$=+$11-*. *6 ,3$ 23*#$ 1$+-$1 2$ *",!-. 6*+ D ,3$ .*+4!#-1$<

1,!.<!+< $++*+ *6 ,3$ +$=+$11-*.& U* D -1 ,3$ .*+4!#-1$< 1,!.<!+< $++*+ *6 ,3$ #*.= $A$.,1 -6

,3$? !+$ 4*<$##$< "? ! +$=+$11-*. *6 ,3$ 13*+, $A$.,1&  3$ .*+4!#-1!,-*. -1 .$/$11!+? ,* 4!9$

! /*4P!+-1*. "$,2$$. <-Q$+$., =!;=$1 E!.< ,3$+$6*+$ <-Q$+$., 1/!#$1 *6 S**<1I P*11-"#$&  *

$O,$., ,3-1 4$!1;+$ ,* 4*+$ ,3!. ,2* =+*;P1 *.$ /*;#< 1-4P#? /!#/;#!,$ D P!-+2-1$ 6*+ ,2*

=+*;P1 /*./$+.-.= ,3$ 1-R$ *6 ,3$ ,3+$13*#< *6 /*.1$/;,-A$ =+*;P1&  * ,!9$ ,3$ V**<.$11 *6 T-,

*6 ,3$ +$=+$11-*. -.,* !//*;.,N 2$ 4;#,-P#? D 2-,3 ,3$ 6!/,*+ 1−R2(1, r0) !.< <$.*,$ -, "? Dn&

W ,$1, *. /*++$#!,-*. 13*21 ,3!, ,3$ 3?P*,3$1-1 *6 -.<$P$.<$./$ "$,2$$. D !.< 1 − R2(1, r0)
/!..*, "$ +$X$/,$< !.< !. !+,->/-!# /*3$+$./$ "!1$< *. ,3-1 6!/,*+ -1 $O/#;<$<&  3$ +$#!,-*.13-P

"$,2$$. Dn 6*+ 1;44$+ S**<1 !.< ,3$ /!,/34$., 1-R$ -1 13*2. -. T-=;+$ %&L 6*+ ,3$ G8 =!;=$1&

M, "$/*4$1 $A-<$., 3*2 ,3$ <-Q$+$./$ 4$!1;+$ <$/#-.$1 2-,3 ,3$ /!,/34$., 1-R$&  3$+$ !+$

F8H



 ! "#$%&' (&')*+')#, ), -.##/ 0'+')&')1&

 !"#$% &'(') Dn !* $%+,-!.* -. -/% 0,-0/1%*- 2!3% .4 56 ",#"%2 !* -/% $!7%$ 8,2!* 9#+:%' ;/%

:!<%$%*0% .4 +.*" ,*: 2/.$- %7%*-2 0+%,$+= :%>%*:2 .* -/% 0,-0/1%*- 2!3%'  .$ +,$"%

0,-0/1%*- ,$%,2 *. %?-$%1% 2/.$- %7%*-2 @!-/ /!"/ >%,A2 .00#$ 8%0,#2% -/%2% %7%*-2

,$% ,--%*#,-%: 8= -/% +,$"% 0,-0/1%*-'

2%7%$,+ /=:$.+."!0,+ %?>+,*,-!.*2 4.$ -/!2 $%2#+-' ;/% !1>,0- .4 0.*7%0-!7% 2-.$1 0%++2 -/,- ,$%

+!1!-%: !* -/%!$ ,$%,+ %?-%*- 8#- $%2#+- !* B..:2 @!-/ /!"/ >%,A2 ,*: 21,++ 7.+#1%2 !2 21,++%$

4.$ +,$"% @,-%$2/%:2C @/%$% .*+= , >,$- .4 -/% 0,-0/1%*- !2 ,<%0-%:' D+2. -/% %<%0-2 .4 $#*.<

0.*0%*-$,-!.* 1,= 0.1>%*2,-% :!<%$%*0%2 .4 -/% $,!* :#$,-!.*2 #> -. , 0%$-,!* :%"$%% !4 $#*.<

!2 4.$1%: .*+= ,- -/% #>>%$ >,$- .4 -/% 0,-0/1%*- ,*: -/% >%,A !2 ,++%7!,-%: 8= -/% B..: @,7%

>$.>,",-!.* :.@*2-$%,1' E-/%$@!2%C 21,++ @,-%$2/%:2 $%,0- 4,2-%$ ,*: /!"/ $,!*4,++ !*-%*2!-!%2

$%2#+- !* 2-%%> /=:$."$,>/2 @!-/ /!"/ >%,A2' F%*0%C !- -,A%2 , +,$"%$ 7.+#1% .4 :!$%0- $#*.< -.

$%>$.:#0% , 0.1>,$,8+% /!"/ >%,A :#$!*" , +.*" $,!* %7%*-' ;/% 2>$%,: .4 -/% :!<%$%*0%2 4.$

21,++ ,*: 1%:!#1 2!3%: @,-%$2/%:2 !2 ,* !*:!0,-.$ 4.$ -/% 7,$!,8!+!-= .4 /=:$.+."!0,+ >$.0%22%2

,1.*" B..: %7%*-2C 0,#2%: 8= :!<%$%*- :#$,-!.*2 .4 $,!*4,++'

 #$-/%$1.$%C -/% %?!2-%*0% .4 , -/!$: "$.#> .4 %7%*-2 @!-/ %?-$,G+.*" -!1%20,+%2 !* @!*-%$ /,2 -.

8% :!20#22%:' E* ,7%$,"% 25% .4 ,++ @!*-%$ B..:2 8%+.*" !*-. -/!2 0,-%".$=' H%,$+= 60% .4 ,++

%?-$,G+.*" %7%*-2 /,>>%* !* 9,$0/ ,*: D>$!+C 8#- +%22 -/,* 15% !* H.7%18%$ ,*: I%0%18%$'

;/% 7.+#1%2 .4 2#0/ %?-$,G+.*" B..:2 ,$% .* ,7%$,"% 60% /!"/%$ -/,* -/% 7.+#1%2 .4 B..:2

@!-/ -/% 2,1% >%,A 8%+.*"!*" !*-. -/% 0,-%".$= .4 +.*" %7%*-2' J= :%-,!+%: ,*,+=2%2 .4 %7%*-2

@!-/ 7%$= /!"/ -!1%20,+%2 #2!*" -/% :,=G:%"$%% 2*.@1%+- ,22%221%*-C 2>%0!K0 0.*:!-!.*2 .4 B..:

4.$1,-!.* 8%0.1% %7!:%*-' L#0/ %7%*-2 $%2#+- 1,!*+= 4$.1 $,!* .* 2*.@ #*:%$ -/% 4.++.@!*"

0.*:!-!.*2) , +.*" >%$!.: .4 2*.@ ,00#1#+,-!.* ,*: 4$.3%* 2.!+2 !* 0.18!*,-!.* @!-/ , @,$1

4$.*-C ,00.1>,*!%: 8= , $,!* >%$!.: .4 2%7%$,+ :,=2' L#0/ 0.*:!-!.*2 .00#$ !* -/% 9#+:% 8,2!*

1.2-+= !* +,-% 9,$0/ .$ D>$!+' M* 0.*-$,2-C +.*" @!*-%$ B..:2 ,$% -=>!0,+ 2*.@1%+- %7%*-2 -/,-

.00#$ 1.2-+= !* %,$+= 2>$!*" N9,$0/O' F%$% -/% B..: 7.+#1%2 ,$% 21,++%$' ;/!2 0,* 8% 0,#2%:

8= #*4$.3%* 2.!+2 ,*: +%22 $,!*4,++' ;/% 1.*-/+= 4$%P#%*0!%2 .4 B..: -=>%2 .4 ,++ ,*,+=2%: @!*-%$

Q6R



 !"! #$$%&'()(*+ &$, -*+(.$ /'00,+

 !"#$% &'()'* +!,-$!.#-!/0 /1 2//3 -45%, /6%$ -7% 8/0-7, !0 -7% 9!0-%$ 7:;1<4%:$ /1 :;; =/0,!3%$%3

9!0-%$ %6%0-,' >7% ,0/98%;- !03#=%3 %?-$: ;/0" %6%0-, 8:!0;4 /==#$ !0 ,5$!0"

97%$%:, -7% ,7/$- %6%0-, /==#$ 3#$!0" -7% 97/;% 9!0-%$'

2//3, !, ,7/90 !0  !"#$% &'()' @- =:0 .% ,%%0 -7:- ,7/$- %6%0-, :$% 8/$% %A#:;;4 3!,-$!.#-%3

:8/0" -7% 8/0-7, !0 9!0-%$ -7:0 ;/0" /$ %?-$:<;/0" %6%0-,'

@0 >:.;% &'B -7% $%,#;-, /1 :0:;4,%, /1 -!8%,=:;%, :$% ,#88:$!C%3' >7% -9/ "$/#5, /1 9:-%$,7%3,

=/0,!,-, /1 (D =:-=78%0-, 9!-7 :0 :$%: .%-9%%0 &B :03 &BE F8

2
G,8:;; .:,!0,H :03 I =:-=78%0-,

9!-7 :$%:, 1$/8 ()D) #5 -/ I(&( F8

2
G;:$"% .:,!0,H' >7% -!8%,=:;%, /1 -7% ,8:;; .:,!0, ,7/9 !0

$%;:-!/0 -/ -7% -!8%,=:;%, /1 -7% ;:$"% =:-=78%0-, : ,8:;;%$ 3!,5%$,!/0' J0 :6%$:"%K ;/0" ,#88%$

%6%0-, 7:6% -9!=% -7% 6/;#8% /1 ,7/$- %6%0-, -7:- 7:6% -7% ,:8% 5%:F'  /$ ,8:;;%$ .:,!0,K -7!,

$%;:-!/0,7!5 !, : .!- 7!"7%$ GL'LMH -7:0 1/$ ;:$"% .:,!0, GL')DH' @0 9!0-%$ ,#=7 3!N%$%0=%, .%-9%%0

,8:;; :03 ;:$"% .:,!0, 5$:=-!=:;;4 3/ 0/- %?!,-' >7% $%;:-!/0,7!5 /1 -7% 6/;#8%, /1 ;/0" :03

,7/$- %6%0-, !, ('IE G,8:;; .:,!0,H /$ ('&' O%-9%%0 ;/0" :03 %?-$:<;/0" %6%0-, -7!, $%;:-!/0,7!5 !,

('BD $%,5%=-!6%;4 ('BE' >7% ,7:$%, /1 ;/0" :03 ,7/$- %6%0-, 3!N%$ !0 ,#88%$ .%-9%%0 ,8:;; :03

;:$"% .:,!0, 8/$% -7:0 !0 9!0-%$' >7!, =:0 .% %?5;:!0%3 .4 7!"7%$ $:!01:;; !0-%0,!-!%, !0 ,#88%$K

1:;;!0" /0 : ,8:;;%$ :$%:'

P, : $%,#;- /1 -7!, %6%0- :0:;4,%,K 9% 3%=!3% -/ 3!N%$%0-!:-% .%-9%%0 %6%0- -45%, /0;4 !0 -7%

,#88%$ 2//3 ,-:-!,-!=,' >7% %?!,-%0=% /1 :- ;%:,- -7$%% 3!N%$%0- 2//3 -45%, !0 9!0-%$ :;;/9, 0/

,#Q=!%0- ,5%=!R=:-!/0 /1 5$/.:.!;!-4 3!,-$!.#-!/0 1#0=-!/0, /1 2//3 5%:F, ,%5:$:-%3 !0-/ -7%,%

-45%, :- ;%:,- 1/$ /#$ $%"!/0 /1 !0-%$%,-' S,5%=!:;;4 -7% %?-$:/$3!0:$4 =7:$:=-%$ /1 -7% $%;:-!6%

,8:;; 5:$- /1 TU<2//3, G%?-$%8% ;/0" -!8%,=:;%,H =:00/- .% =/0,!3%$%3 !0 : ,-:-!,-!=:; 8!?!0"

8/3%; G,%% %'"' V%=-!/0 &'L'(H ,#Q=!%0-;4' W%6%$-7%;%,,K !1 -7% /.,%$6%3 $#0/N ,%$!%, !, ;/0"%$K

:;,/ : 8!?!0" 8/3%; 9!-7 -7$%% "$/#5, !, 5/,,!.;%'

>7% $%,#;-, /1 -7% :0:;4,%, /1 2//3 -!8%,=:;%, 1/$ 9!0-%$ :03 ,#88%$ 7:;1<4%:$, =:0 .% ,#8<

8:$!,%3 :, 1/;;/9,*

()&



 ! "#$%&' (&')*+')#, ), -.##/ 0'+')&')1&

 !"#$ %&'&( )$!*+ !*, -.$/-0$*1+ .2 3!40!10.* 5678 .2 9.., 10:$+-!#$+ 0* ;.<4+ 2.4 =0*1$4 !*,

+<::$4 9..,+> ,0?$4$*10!1$, "@ $3$*1 A4.<B+ !*, +:!## !*, #!4A$ "!+0*+

C<::$4 +;.41 $3$*1+ #.*A $3$*1+

+;!4$ :$!* 67 +;!4$ :$!* 67

+:!## "!+0*+ D&EFG HE&G D&G%H D&IGJ 'F&' D&GGJ

#!4A$ "!+0*+ D&'KH II&J D&KEK D&K'F EF&% D&KG%

L0*1$4 +;.41 $3$*1+ #.*A $3$*1+ $M14!N#.*A $3$*1+

+;!4$ :$!* 67 +;!4$ :$!* 67 +;!4$ :$!* 67

+:!## "!+0*+ D&KKI IE&D D&G%I D&IGK ED&J D&HDD D&HKI JI&' D&HHK

#!4A$ "!+0*+ D&'DH KK&H D&KEE D&HFD %'&D D&KEG D&HGF GGJ&D D&'H'

• O#.., 10:$+-!#$+ -!* "$ !BB#0$, 1. ,0?$4$*10!1$ 9..,+ 0*1. $3$*1 1@B$+& P* +<::$4 =$
2.<*, 1=. A4.<B+ .2 $3$*1+> =;0-; ,0?$4 +0A*0Q-!*1#@ 0* 1;$04 B$!RN3.#<:$N4$#!10.*+;0B+&

P* =0*1$4 1;$ A4.<B0*A 0+ :.4$ ,0/-<#1& P* .<4 +1<,@ 4$A0.* =$ ;!3$ 1. ,0?$4$*10!1$ !1

#$!+1 "$1=$$* 1;4$$ ,0?$4$*1 A4.<B+ .2 =0*1$4 9..,+&

• C;.41 !*, #.*A 9..,+ 0* =0*1$4 !*, +<::$4 !4$ 4$#!103$#@ +0:0#!4 0* 1;$04 10:$+-!#$+& S*$
A4.<B .2 $3$*1+ $M0+1+ .*#@ 0* 1;$ =0*1$4 ;!#2N@$!4&  ;$+$ $M14!N#.*A $3$*1+ 4$+<#1 24.:

+B$-0Q- 4!0* .* +*.= -!+$+&

• O.4 #!4A$ "!+0*+> 1;$ 4$#!10.*+;0B+ "$1=$$* 9.., 3.#<:$+ !*, B$!R+ 0* +<::$4 !4$ -.44$N
#!1$,&  ;0+ 0+ !* 0*,0-!1.4 2.4 +0:0#!4 <*,$4#@0*A -#0:!1$ B4.-$++$+&  ;0+ 0+ *.1 1;$ -!+$ 2.4

-!1-;:$*1+ =01; !* !4$! +0T$ +:!##$4 1;!* FDD R:

2
& U$4$> 1;$ +#.B$+ .2 1;$ 4$#!10.*+;0B+

!4$ *.1 -.44$#!1$,&  ;0+ 0*,0-!1$+ ! 9.., -.*14.# "@ ,0?$4$*1 1@B$+ .2 4!0*2!## $3$*1+&

 ;0+ *$= 0*2.4:!10.* .* 1;$ ;$1$4.A$*$01@ .2 9..,+ =0## "$ <+$, 0* ! *$= :0M1<4$ :.,$#& O.4

1;0+> 1;$ ."1!0*$, 0*2.4:!10.* .* 1;$ ,0?$4$*1 $3$*1 1@B$+ ;!+ 1. "$ -.:"0*$, 0* ! +1!10+10-!#

:.,$# 2.4 1;$ ,0+140"<10.* 2<*-10.*&  ;$ ,$3$#.B:$*1 .2 +<-; ! :.,$# 0+ A03$* 0* 1;$ 2.##.=0*A

+$-10.*&

 !"#$%&'$"( #&)#!")* )#+&,-# )"% .!!% -/+&# 0$-1 -1& 2)3$242 2$3$"( )++'!),1

P* 1;$ -.*+0,$4!10.*+ !".3$ 01 "$-.:$+ ."30.<+ 1;!1 "$+0,$+ 1;$ ,0+10*-10.* "$1=$$* +<::$4 !*,

=0*1$4 !#+. ! ,0+10*-10.* "$1=$$* #.*A !*, +;.41 +<::$4 $3$*1+ 0+ *$-$++!4@& L$ ;!3$ +;.=*

1;!1 1;$ +<::$4 4<*.? +$40$+ -.*+0+1+ .2 1=. ,0?$4$*1 1@B$+ .2 $3$*1+( +;.41 !*, #.*A 9..,+&

 ;$+$ -!* "$ +$B!4!1$, !+ ,$+-40"$, !".3$ "@ <+0*A 1;$  VN1;4$+;.#, TQ0& L$ 1;$4$2.4$ =!*1

1. $M1$*, 1;$ +$!+.*!# :0M0*A :.,$# 24.: C$-10.* %&H&G 1. ! :.,$# =;0-; -.*+0,$4+ 1;$ ,0?$4$*1

,0+140"<10.*+ .2 =0*1$4 !*, +<::$4 9..,+ !+ =$## !+ 1;$ ,0?$4$*-$+ "$1=$$* +;.41 !*, #.*A

+<::$4 $3$*1+& C0*-$ =$ =!*1 1. -.*+0,$4 +$3$4!# 9.., 1@B$+ 5#.*A !*, +;.41 9..,+8 0* +<::$4>

=$ *$$, ! +1!10+10-!# :0M0*A :.,$# 1. +B$-02@ 1;$ 4$+<#10*A 9.., B4."!"0#010$+ 0* +<::$4& L$

!4$ !#+. 0*1$4$+1$, 0* 1;$ !**<!# 9.., B4."!"0#010$+> +. =$ ;!3$ 1. -.:B.<*, 1;$ B4."!"0#010$+

.2 +<::$4 9..,+ =01; 1;$ B4."!"0#010$+ .2 9..,+ 0* =0*1$4& W+0*A 1;$ :!M0:<: :.,$# 2.4 ".1;

+1$B+> $X& 5%&'8 ;!+ 1. "$ $M1$*,$, 1. ! *$+1$, :!M0:<: !BB4.!-;& P1 =.<#, .2 -.<4+$ "$ B.++0"#$

1. !BB#@ ! +1!10+10-!# :0M0*A ,0+140"<10.* +0:0#!4 1. 1;$ !BB4.!-; .2 Y.++0 $1 !#& 5GJFK8 !+ =$##>

"<1 1;$ 4$+<#1+ !".3$ :!R$ 1;$ :!M0:<: :.,$# :.4$ 4$-.::$*,!"#$& O.4 +<::$4 =$ ;!3$

GDF



 !"! #$$%&'()(*+ &$, -*+(.$ /'00,+

 !" #$%$&' ("#)"&*& + ,-"".+ !$ / 0"&' "1 +/"1  $#*+(20*+34 5/* !*$'/ + $&  /* + 2 $+ $(20

#$%$&' #".*0 ("60. 7* (/"+*& 2+  /* )1"727$0$ 8  /2  /* 12&."# 921$270* 7*0"&'+  "  /* :1+ "1

 /* +*("&. .$+ 1$76 $"&; 1*+)*( $9*084 5/*+* !*$'/ + 21* 6&<&"!&4 5/* #2%$#6# #$%$&' #".*0

7*&*: + =1"#  /* =2(  /2  /* &"&>*%(**.2&(* "= 2 +6##*1 -"". )*2< X .*#2&.+  /2 $ $+ &" 

*%(**.*. 78 2&8 +/"1 "1 0"&' -"". *9*& $&  /$+ /20=>8*214 ?"  /* #60 $)0$(2 $9* 2))1"2(/ "=

5"."1"9$( 2&. @"6+*00* ,ABCA3 (2& 7* 2))0$*. 2&. !* /29*

P(XA ≤ x) = (P(XSS
≤ x)P(XSL

≤ x))P(XW ≤ x),

!/*1* XSL
21*  /* #2%$#2 "=  /* 0"&' +6##*1 16&"D+ 2&. XSS

21* #2%$#2 "=  /* +/"1 +6##*1

16&"D+4

E= 2 -"". *9*& ."*+ &" /2))*& *9*18 8*21 $& +6##*1; !* /29*  " $&("1)"12 * 20+" ("11*( $"&

=2( "1+ .6*  "  /* (*&+"1$&' "=  /* .2 24 F*1* $ $+ 2.9$+270*  " ("11*(  /* +6##*1 *9*& + G"$& 084

E= 2 +6##*1 *9*& 0$*+ 7*&*2 /  /*  /1*+/"0.; 20+"  /* 1*+)*( $9* +/"1 2&. 0"&' +6##*1 *9*& 

/2+  " 0$* 7*&*2 /  /*  /1*+/"0.4 5/$+ #".$:*+  /* #".*0 $& "  /* ="00"!$&' 1*)1*+*& 2 $"& "=

 /* .$+ 1$76 $"& "=  /* 2&&620 #2%$#6# .$+(/21'*+

P(XA ≤ x) = (P0,S + (1− P0,S) (P(XSS
≤ x)P(XSL

≤ x))) (P0,W + (1− P0,W )P(XW ≤ x)) .

? $00; "&* )1"70*# 1*#2$&+4 H&0$<*  /* .$+ $&( $"& 7* !**& +6##*1 2&. !$& *1 2&&620 #2%$#2; 2

.$+ $&( $"& 7* !**& +/"1 2&. 0"&' +6##*1 -"".+ ."*+ &" 1*+60 $& 1*)1*+*& 2 $9* +*1$*+ "= 7" /

'1"6)+ "= *9*& +4 I+ "&08 2 #*#7*1 =1"# "&* "= 7" / '1"6)+ $+  /* #2%$#6# "=  /* +6##*1

/20=>8*21; !* "&08 <&"!  /* /$'/*+ +6##*1 -"". )*1 8*21 !/$(/ (2& 7* (/212( *1$J*. 78 2 0"&'

"1 78 2 +/"1  $#*+(20*4 ?#200*1 9206*+ 21* "9*102$.4 I 1*("&+ 16( $"& "=  /*+* "7+*192 $"&+ $+

&" )"++$70* +$&(*; 2+ #*& $"&*. 27"9*; #"& /08 #2%$#6# 9206*+ 21*  /* /$'/*+  $#*>1*+"06 $"&

="1 )*2<+4 E&  /* "7+*19*. +67+2#)0*+ "&08 021'* 9206*+ "=  /* -"".  8)*+ 21* $&(06.*. +$&(* 200

+#200 *9*& + 21* "9*102$. 78 /$'/*1 *9*& + 7*0"&'$&'  "  /* " /*1 -"".  8)*4 E= !* &"! !2&  "

: 2 .$+ 1$76 $"&  "  /*+* +67+2#)0*+; !* ." &" /29*  /* =600 $&="1#2 $"& $&(06.*. $&  /* +*1$*+

76 "&08  /* $&="1#2 $"& 7*0"&'$&'  "  /* 1$'/  2$04 K" /$&' $+ <&"!& 27"6  /* +#200 *9*& +; $&

=2( ; +$#)08 :  $&' 2 .$+ 1$76 $"&  "  /*+* +67+2#)0*+ !"60.  " 2008 $'&"1*  /* )1*+*&(* "= +#200

*9*& +4 5/$+ 0*2.+  " 2 .$+ "1 $"& "= )212#* *1+; *+)*($2008 "= 0"(2 $"& 2&. +<*!&*++4 5" *+ $#2 *

 /* .$+ 1$76 $"&+ "= 0"&' 2&. +/"1 -"". *9*& +; !* /29*  " ("11*(  /* + 2 $+ $(20 )212#* *1+

"= 7" / +2#)0*+4 5/$+ $+ 2 )1"70*# 201*2.8 1*("'&$J*. 78 L(M6*& 2&. N*$'/0*8 ,OPPQ3; !/"

)1")"+* 2 L2%$#6#>R$<*0$/"". 72+*. 2))1"2(/  " *+ $#2 *  /* )212#* *1+4 ?$&(*  /$+ 2))1"2(/

$+ "&08 920$. ="1 2 &"1#20 .$+ 1$76 $"& 2&. !* (2& (*1 2$&08 &" 2++6#* &"1#20$ 8 "=  /* .2 2;

$ $+ &" 2))0$(270* $&  /$+ (2+*4 S*  /*1*="1* /2.  " .*9*0") 2 &*! 2))1"2(/ ="1 1*("&+ 16( $"&

"=  /* "9*102$. $&="1#2 $"&4 E&  /* ="00"!$&' !* )1")"+*  !" 2))1"2(/*+; "&* 72+*. "& (*&+"1*.

+619$920 + 2 $+ $(+ 2&.  /* " /*1 "&* 7*$&' 2 /*61$+ $( 2))1"2(/4 N" / 2))1"2(/*+ 21* )1*+*& *.

:1+ 2&. ("#)21*. 02 *1 "& $&  /$+ +*( $"&4

S* !2&  " )1*+*&  /* #* /".+ 78 6+$&'  /* *%2#)0* "= +6##*1 2&&620 #2%$#24

?6))"+*; !* /29* 2 +*1$*+ "9*1 n 8*21+ "= +6##*1 2&&620 #2%$#6# .$+(/21'*+ (XS1, . . . , XSn)4
E $+ <&"!&  /2  /$+  $#* +*1$*+ ("& 2$&+ +/"1 2+ !*00 2+ 0"&' *9*& +4 T2(/ XSi $+  /*1*="1*  /*

#2%$#6# "= 7" /  8)*+ "= *9*& + $& "&* 8*21; +6(/  /2  /* #2%$#6# *9*& "=  /* " /*1  8)*

$+ "9*102$. 2+ $ + )*2< $+ +#200*14 S* /29* &" )"++$7$0$ 8  " "7 2$&  /* "9*102$. *9*& + +$&(*  /*

.2 2 72+$+ ."*+ &" ("& 2$&  /*+*4 N8 6+$&'  /* 5U>9206*+ !* (2&; /"!*9*1; .* *1#$&* !/$(/

"=  /* XSi 7*0"&'+  " !/$(/  8)* "= *9*& 4 5/$+ 0*2.+  "  !" +67+2#)0*+ (XSL1, . . . , XSLn1)
2&. (XSS1, . . . , XSSn2) ("&+$+ $&' "= .$D*1*& V62& $ $*+ "= 0"&'; 1*+)*( $9*08 +/"1 *9*& +; !/*1*

n1 + n2 = n 4 5/* 6&<&"!& =600 +*1$*+ "= 0"&' 2&. +/"1 +6##*1 +*1$*+ 21* 2&20"'"6+08 .*&" *.

APB



 ! "#$%&' (&')*+')#, ), -.##/ 0'+')&')1&

 !"# (XSL1, . . . , XSLn) $%& (XSS1, . . . , XSSn)' (#) " * &!+),)%" $--,*$.#)/ "* ,).*%/",0." "#)
*1),2$!& !%3*,4$"!*% $,) -,)/)%")& !% "#) 3*22* !%5 $%& $,) .*4-$,)& 2$"), *%'

 !"#$%!& '(%)*)+, '-+-*#-*.

60,1!1$2 &$"$7 "#$" $,) &$"$ 4)$/0,!%5 "#) "!4) "* $% )1)%"7 $,) 0/)& !% /)1),$2 &!/.!-2!%)/7

)/-).!$228 !% 4)&!.!%) $%& !% 9!*2*587  #),) .$/) /"0&!)/  !"# -,*9$")/ :#04$%/ *, $%!4$2/; $,)

0/)& "* $%$28/) "#) )+)." *3 .),"$!% &!/)$/)/7 4)&!.!%) )".' <% "#!/ .*%")=" *3")% "#) -,*92)4 *3

.)%/*,)& /),!)/ *..0,/7 3*, )=$4-2)  #)% $ -,*9$") $2,)$&8 &!)& 9)3*,) $ /"0&8 /"$,")& $%& "#)

)=$." &$") !/ 0%>%* % :2)3"?.)%/*,!%5; *, !3 "#) "!4) *3 "#) /"0&8 )=-!,)/ $2"#*05# "#) &)/!,)&

)+)." &!& %*" *..0, :,!5#"?.)%/*,!%5;' @*, 4*,) &)"$!2/ *% "#!/ "*-!.  )  $%" "* ,)3), "* A2)!%

$%& B*)/.#9),5), :CDDE;'

6!%.) "#!/ /.)%$,!* *3 ,!5#"?.)%/*,)& /),!)/ !/ 1),8 /!4!2$, "* *0, .$/) *3 *1),2$!& /),!)/ *3 F**&

"8-)/ !" /))4/ %$"0,$2 "* 0/) 4)"#*&/ *3 /0,1!1$2 $%$28/!/ "* )/"!4$") "#) -$,$4)"),/ *3 "#)

.)%/*,)& /),!)/' G) "#),)3*,)  $%" "* &)/.,!9) "#) /.)%$,!* !% 4*,) &)"$!2'

G!"# "#) %*"$"!*% 0/)& $9*1)  ) #$1) XSi = max(XSSi, XSLi)7 i = 1, . . . , n7 $%& &)H%) "#)
30%."!*% δi =  [XSSi≤XSLi] "* !%&!.$")  #)"#), "#) i?"# /044), $%%0$2 4$=!404 !/ $ /#*," *, $

2*%5 )1)%"' I)" 0/ &)%*")  !"# hθ "#) -,*9$9!2!"8 &)%/!"8 *3 (XS , δ)  !"# 0%>%* % -$,$4)"),/
θ' (* .*%/",0." )/"!4$"*,/ 3*, "#) -$,$4)"),/ *3 "#) &!/",!90"!*% 30%."!*% *3 "#) XSS

:$%& $2/*

XSL
;  )  $%" "* 0/) $ B$=!404?I!>)2!#**& $--,*$.#' @*, "#!/  ) .$% 0/) $ ,)/02" 5!1)% 98

A,)4), )" $2' :CDJK; 3*, "#) 2*5?I!>)2!#**& 30%."!*%

logLn(θ,XS , δ) =

n∑

i=1

log hθ(XSi, δi)

=

n∑

i=1

(δi log f(XSi) + (1− δi) logF (XSi) + δi logG(XSi) + (1− δi) log g(XSi)) , :L'L;

 #),) F !/ "#) &!/",!90"!*% 30%."!*% *3 XSS
 !"# ,)2$")& &)%/!"8 f $%& G !/ "#) &!/",!90"!*%

30%."!*% *3 XSL
 !"# &)%/!"8 g' M3 .*0,/)7 "#) δi $,) %*" >%* % 90" 9$/)& *% "#) &!/"!%."!*% *3

"#) )1)%"/ &)/.,!9)& $9*1)' (#$" 4)$%/7 $."0$228 "#) 0%.),"$!%"8 *3 "#!/ &!/"!%."!*% #$/ "* 9)

"$>)% !%"* $..*0%"' N)1),"#)2)//7  )  $%" "* $//04) "#) δi "* 9) >%* %7 /!%.)  ) .$% -,*.))&
*% "#) $//04-"!*% "#$" "#) &!/"!%."!*% !/ .*,,)."' (#) 0%.),"$!%"8 !% "#$" -*!%" !/ "#),)3*,)

%)52!5!92)'

G)  $%" "* .*%.)%",$") *% )/"!4$"!%5 "#) &!/",!90"!*% 30%."!*% *3 "#) /#*," /044), )1)%"/7 /!%.)

"#) )/"!4$"!*% *3 "#) 2*%5 /044), )1)%"/ !/ "*"$228 $%$2*5*0/ $%& &*)/ %*" #$1) "* 9) /#* %

!% &)"$!2' (#),)3*,)7 3*, "#) B$=!404?I!>)2!#**& )/"!4$"!*% *%28 "#) H,/" "),4 *3 )O' :L'L; !/

%))&)&' @*, "#) &!/",!90"!*% 30%."!*% *3 "#) /#*," :$/  )22 $/ "#) 2*%5; /044), )1)%"/  ) .#**/)7

4*"!1$")& 98 "#) P**&%)// *3 @!" ")/"/ $9*1)7 "#) PQR  !"# -$,$4)"),/ µ7 σ $%& ξ'
(#),)3*,)7 "#) I!>)2!#**& 30%."!*% .$% 9) ,)&0.)& "*

logL⋆
n =

n∑

i=1

[

δi log

(

1

σ

(

1 + ξ

(
XSi − µ

σ

))(− 1
ξ
−1)

exp

(

−
(

1 + ξ

(
XSi − µ

σ

))− 1
ξ

))

+ (1− δi) log

(

exp

(

−
(

1 + ξ

(
XSi − µ

σ

))− 1
ξ

))]

=
n∑

i=1

(

−δi log σ + δi(−
1

ξ
− 1) log

(

1 + ξ

(
XSi − µ

σ

))

−
(

1 + ξ

(
XSi − µ

σ

))− 1
ξ

)

.
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 !"! #$$%&'()(*+ &$, -*+(.$ /'00,+

 !"#$ %&'&( )*+,- ./ 01$ $-023!0$- ./ 01$ 4!5!3$0$5- 6-278 +65929!# :7!#;-2- /.5 -!34#$ -2<$-

n = 100 !7= n = 1000& >281 9!#6$- /.5 01$ )*+, /.5 -3!## -!34#$ -2<$- 27=2?!0$ !
#!?@ ./ $A?2$7?; ./ 01$ *BC$-023!0.5&

 !"#$% &'$()%*+

,-&. /+%

n = 100 n = 1000

µSS
σSS

ξSS
µSS

σSS
ξSS

0

µSS
= 201 σSS

= 51

ξSS
= 0.4

µSL
= 401σSL

= 21

ξSL
= 0.1

234567 604067 34889 :43;6 047:7 3465:

8

µSS
= 201 σSS

= 21

ξSS
= 0.6

µSL
= 201σSL

= 21

ξSL
= 0.1

64602 34079 346;3 343:9; 3439:: 343868

 !"#$% &'$()%*+

,-&. /+%

n = 100 n = 1000

µSL
σSL

ξSL
µSL

σSL
ξSL

0

µSS
= 201 σSS

= 51

ξSS
= 0.4

µSL
= 401σSL

= 21

ξSL
= 0.1

34207 3467: 3439:8 34636 34626 343638

8

µSS
= 201 σSS

= 21

ξSS
= 0.6

µSL
= 201σSL

= 21

ξSL
= 0.1

340282 34005 34668 343:7; 34638 34308:

 12- /67?02.7 2- 01$7 .40232-$= 0. D7= 01$ 4!5!3$0$5-&

E$ F!70 0. 0$-0 01$ 9!#2=20; ./ 012- !445.!?1 "; ! -236#!02.7 -06=;&

 1$5$/.5$G 0F. -!34#$- ./ #$7801 n = 1000 ./ #.78 !7= -1.50 -633$5 H..=- F201 4!5!3$0$5- ./
01$ I,JC=2-052"602.7 µSS

G σSS
G ξSS

!7= µSL
G σSL

G ξSL
G 5$-4$?029$#;G !5$ ?1.-$7& K.5 01$-$ 0F.

-!34#$- 01$ 3!L2363 ./ $!?1 =!0! 4!25 2- 6-$= 0. ."0!27 01$ !776!# -633$5 3!L2363 -$52$-&

:44#;278 01$ MLC$-023!02.7 45.4.-$= !".9$ F$ 01$7 ?!#?6#!0$= 01$ )*+, ./ 01$ $-023!0$- ./
01$ -278#$ 4!5!3$0$5-&  12- 1!- "$$7 5$4$!0$= MNNN 023$- 4$5 -?$7!52.&  F. -?$7!52.- 829$7 27

 !"#$ %&' !5$ 0!@$7 270. !??.670 01!0 3255.5 4!5!3$0$5 -$0- !--63$= 0. "$ 0;42?!# /.5 012- @27=

./ 1;=5.#.82?!# 023$ -$52$-&

+27?$ 27 1;=5.#.8; F$ 1!9$ 9$5; #2320$= -!34#$ -2<$- F201 -$#=.3 3.5$ 01!7 MNN ;$!5- ./ ."C

-$59!02.7 F$ !#-. F!70 0. 0$-0 01$ !44#2?!"2#20; ./ 01$ MLC$-023!02.7 0. -3!## -!34#$- ./ -2<$
n = 100& :#01.681 F$ 6-$ ! 4!5!3$052? $-023!02.7 01$ 45."#$3 ./ ?$7-.5278 ?.6#= #$!= 0. !

1281 67?$50!270; /.5 -3!## -!34#$ -2<$-G $-4$?2!##; 2/ .7$ $9$70 =.327!0$- !7= 01$5$/.5$ 01$ .01$5

$9$70 0;4$ .7#; 1!- ! -3!## -1!5$ .7 01$ -633$5 !776!# 3!L23!& >$7?$G 01$ -236#!02.7 =.7$

!".9$ 2- 5$4$!0$= F201 ! -!34#$ -2<$ n = 100&  1$ 5$-6#0- ?!7 "$ /.67= 27  !"#$ %&'&

E1$5$!- 01$ 5$-6#0- /.5 #!58$ -!34#$- On = 1000P #$!= 0. ! 5!01$5 -3!## )*+,G 01$ )*+,- /.5
n = 100 !5$ 5!01$5 1281 /.5 01$ 4!5!3$0$5- ./ 01$ -1.50 $9$70-& K.5 01$ -$?.7= -?$7!52. 01$; 3!;
"$ 0.#$5!"#$ 27 ".01 ?!-$- !7= ".01 $9$70 0;4$-&  12- 2- 01$ -?$7!52. F1$5$ ".01 -!34#$- .7#;

=2Q$5 27 01$25 -1!4$ 4!5!3$0$5 !7= 016- 1!9$ 7$!5#; $R6!# -1!5$ .7 01$ -633$5 3!L23!&  1!0

2-G $9$7 /.5 ! -!34#$ -2<$ ./ n = 100 F$ ?!7 $L4$?0 !".60 n1 ≈ n2 ≈ 50 ."-$59!02.7-&  1$ 5$!#

MMM



 ! "#$%&' (&')*+')#, ), -.##/ 0'+')&')1&

 !"# $#%&#'( )* &+( ML,("&!-#&!)% #../)#0+ 0#% 1( "((% *)/ &+( 2/"& "0(%#/!)3 4(/(5 1(0#6"(

)* &+( 0+)!0( )* &+( .#/#-(&(/"5 7( 0#% (8.(0& # -60+ +!'+(/ "+#/( )* &+( 9)%' "6--(/ ($(%&"

)% &+( "6--(/ -#8!-#3 :+(% 7( ("&!-#&( &+( .#/#-(&(/" *)/ &+( "+)/& "6--(/ ($(%&"5 &+(

)1"(/$( %6-1(/ )* "+)/& ($(%&" !" $(/; "-#993 <% &+!" 0#"(5 &+( ML,("&!-#&!)% #../)#0+ +#"

9#/'(  !"# $#%&#'("5 (".(0!#99; 7+(% 0)%"! (/!%' &+#& &+( 2/"& "0(%#/!) !" &+( -)"& ./)1#19( !%

+; /)9)';3 =" *)/ &+( -)"& 0#"(" !% >(/-#%;5 #% %(#/9; *)/ #99 )* )6/ '#6'(" !% &+( ?69 ( 1#"!%5

&+( "0#9( #% @)/ "+#.( *)/ &+( "+)/& "6--(/ ($(%&" !" -60+ +!'+(/ &+#% *)/ &+( 9)%' "6--(/

($(%&"5 7+(/(#" &+("( +#$( &+( 9#/'(/ )/ (A6#9 9)0#&!)% .#/#-(&(/3 B+!" !"  6( &) &+( *#0& &+#& &+(

"+)/& "6--(/ C)) " #/( )*&(% $(/; "-#99 16& #9") 0)%"!"& )* ")-( "!%'9( $(/; 9#/'( C)) ($(%&"3

B+( 9)%' "6--(/ ($(%&" #/( )% #$(/#'( +!'+(/ 16& 7!&+)6& +#$!%' &+("( "!%'9( (8&/(-( C)) "5

"(( #9") &+(  !"06""!)%" !% D(0&!)% E3F3G3 4(%0(5 &+!" #../)#0+  )(" %)& "((- &) 1( #..9!0#19( !%

)6/ 0)%&(8&3 B+!" +#" 1((% &+( /(#")% *)/ 6" &)  ($(9). # %(7 #../)#0+ &) 299 6. &+( )$(/9#! 

!%*)/-#&!)%5 7+!0+ !" ./("(%&( !% &+( *)99)7!%' .#/#'/#.+3 <& (%"6/(" # "6H0!(%& "#-.9( "!I(

*)/ 1)&+ "61"#-.9(" #% -#J(" #% ("&!-#&!)% 9("" 6%0(/&#!%3 K($(/&+(9(""5 !* &+( "#-.9( "!I( !"

"6H0!(%& 9#/'( *)/ 1)&+ "61"#-.9("5 &+( ML,#../)#0+ !"  (2%!&(9; 7)/&+ &) 0)%"! (/3

 !"#$%&$' ())#*('+, -.+! /$00$12 3!&+*4-

=%#9)')6"9; &) &+( 0(%")/( "(/!(" 6"( #1)$(5 !% &+!" #../)#0+ 7( 6"( &+( !%*)/-#&!)% &+#& &+(

-!""!%' ($(%&" #/(  (2%!&(9; "-#99(/ &+#% &+( )$(/9#;!%' ($(%&"5 )&+(/7!"( &+(; 7)69 %)& +#$(

1((% )$(/9#! 3 <% 0)%&/#"& &) &+( ML,#../)#0+ %)7 &+( '#." !% &+( "61"#-.9(" #/( 299( 6"!%'

&+!" !%*)/-#&!)%3

L(& 6" 2/"& +#$( # 9))J #& &+( -) ( )* &+( >MN  !"&/!16&!)%5 &+#& !" &+( $#96(5 7+(/( &+(

 (%"!&; #% &+(/(*)/( &+( ./)1#1!9!&; -#"" *6%0&!)% &#J(" &+( +!'+("& $#96(3 O)/ # >MNPµ, σ, ξQ
 !"&/!16&!)% 7!&+ ξ > 0 P#" !" &;.!0#9 *)/  !"0+#/'( "(/!("5 0)//(".)% !%' &) # 1)6% ( 9(*& &#!9

#% &+(/(*)/( )%9; .)"!&!$(  !"0+#/'(" #% # +(#$; /!'+& &#!9Q &+( -) ( !" '!$(% 1;

mGEV = µ+ σ
(1 + ξ)−ξ − 1

ξ
.

B+( "(0)% .#/&

(1+ξ)−ξ−1
ξ )%9; 0)%&#!%!%' &+( .#/#-(&(/ ξ  (0/(#"(" 7!&+ !%0/(#"!%' ξ5 0)%$(/',

!%' &) I(/) *)/ ξ −→ 0 #% 1(!%' (A6#9 &) −1/2 *)/ ξ = 1 P"(( O!'6/( E3GGQ3 D!%0( *)/ )6/ C)) 

"(/!(" &+( 9)0#&!)% .#/#-(&(/ µ !" -)"&9; -60+ 9#/'(/ &+#% &+( "0#9( .#/#-(&(/ σ P"(( O!'6/(

E3GFQ5 &+( "(0)% &(/- !% &+( -) ( !" $(/; "-#99 #% )%9; +#" "-#99 !%C6(%0( )% &+( -) (3

R)-!%' 1#0J &) &+( A6("&!)% )*  )-!%#%0( )* )%( "#-.9( !& !" )1$!)6" &+#& &+(  )-!%#%0( !"

09)"(9; /(9#&( &) &+(  !S(/(%0( )* &+( -) ("3 B+( +!'+(/ &+(  !S(/(%0( )* &+( -) ("5 &+( -)/(

 )-!%#%& !" &+( "#-.9( 7!&+ &+(  !"&/!16&!)% )* +!'+(/ -) ( "!%0( *)/ &+("( P-60+Q +!'+(/ $#96("

#/( -)/( ./)1#19(3 B+( -)"& 0/!&!0#9 0#"( !" &+( )%(5 7+(/( 7( +#$( )%( "#-.9( 7!&+ )%9; "9!'+&9;

"-#99(/ "0#9( 16& -60+ +(#$!(/ &#!93 <% &+!" 0#"(5 !& !" %)& 09(#/5 7+!0+ "#-.9(  )-!%#&(" !% #

-#8!-6- "(/!("3 K($(/&+(9(""5 "!%0( 1)&+ -) (" #/( 09)"( &)'(&+(/ &+( "#-.9(" #/( &/(#&( #"

-)/( )/ 9("" (A6#9 !% "+#/(3 D6--#/!"!%' &+("( 0)%"! (/#&!)%" 7( 0#% 0)%096 ( &+#& &+(  )-,

!%#%0( )* "#-.9(" !% # -#8!-6- "(/!(" -#!%9; 0)//(".)% " &) &+(  !S(/(%0( )* 9)0#&!)%5 "!%0(

&+!" !" &+(  )-!%#&!%' &(/- !% &+( -) (3

5!3(#6 7898 <& !" #9") .)""!19( &) ("&!-#&( &+( ./)1#1!9!&; )* )$(/9#; 1; 0#9069#&!%' &+( !%&(/,

"(0&!)% )* 1)&+  (%"!&!(" )* &+( "61"#-.9("3 O)/ &+!" &+( !%&(/"(0&!)%" )* 1)&+ *6%0&!)%" +#$( &)

1( 0#9069#&( 3 <% ./#0&!0( &+!" !" )* 0)6/"( %)& .)""!19( "!%0( &+( &/6( .#/#-(&(/" #/( %)& J%)7%

#% 0#%%)& 1( ("&!-#&( 3 B+(/(*)/(5 &+!" 0)%"! (/#&!)% !" 9(*& )6& +(/(3

D&#&!"&!0#9 "!-69#&!)%" /(.)/&( 1(9)7 0)%2/- &+( &+()/(&!0#9 #""6-.&!)%" 0)%0(/%!%' &+( 9)0#,

&!)% #% "+)7 &+#& -#8!-# "(/!(" /("69&!%' */)- &7)  !S(/(%&  !"&/!16&!)%" #/( #97#;"  )-!%#&( 

GGF



 !"! #$$%&'()(*+ &$, -*+(.$ /'00,+

 !"#$% &'((') *+% ,#-./!0- f(ξ) = (1+ξ)−ξ−1
ξ $%1$%2%-/!-" /+% 2%.0-3 /%$4 0, /+% 403% 0, /+%

567 3!2/$!8#/!0- $%9:/%3 /0 /+% 2+:1% 1:$:4%/%$ ξ' ; .0-<%$"%-.% /0 =%$0 ,0$

ξ −→ 0 8%.04%2 %<!3%-/'

 !"#$% &'(>') ?%9:/!0- 0, 90.:/!0- :-3 2.:9% 1:$:4%/%$ 0, /+% 567 ,0$ :99 .0-2!3%$%3 ":#"%2 !-

/+% @#93% :-3 A:$= $%"!0-' B-% .:- 2%% /+:/ ,0$ /+% @#93% ":#"%2 C!-3%D (E>FG

/+% $%9:/!0- 0, 90.:/!0- :-3 2.:9% !2 :9H:I2 9:$"%$ /+:- ('J'  0$ /+% A:$= $%"!0-

C>(EKJG !/ !2 :9H:I2 9:$"%$ /+:- ('L'

((K



 ! "#$%&' (&')*+')#, ), -.##/ 0'+')&')1&

 ! "#$ %&'"(& )"&*+, -#&.# #/' "#$ 0/(1$( 0*./"&*+ 2/(/3$"$(4

5*( "#$'$ '&3)0/"&*+' -$ -/+" "* .*32/($ "-* '/320$' *6 789:%&'"(& )"$% %/"/ '/320$'

(X1, . . . , Xn) /+% (Y1, . . . , Yn) *6 '&;$ n = 10004 5*(  *"# '/320$' "#$ 2/&(-&'$ 3/<&3)3 Zi =
max(Xi, Yi), i = 1, . . . , n, &' "/=$+ /+% "#$+ "#$ '#/($ *6 /00 Xi *+ Zi &' ./0.)0/"$%4 >#&' &'

($2$/"$% 1000 "&3$'4 ?$ "/=$ /00 .*3 &+/"&*+' *6 2/(/3$"$( @/0)$' *6 "#$ 6*00*-&+1 '$"' &+"*

/..*)+"

• "#$ 0*./"&*+ 2/(/3$"$( µ ∈ {10, 30, 50, 100}

• "#$ './0$ 2/(/3$"$( σ ∈ {2, 8, 12, 20}

• "#$ '#/2$ 2/(/3$"$( ξ ∈ {0.1, 0.3, 0.6},

* "/&+&+1 4 · 4 · 3 · 4 · 4 · 3 = 2304 %&A$($+" .*3 &+/"&*+' *6 2/(/3$"$('4 >#$ .#*'$+ 2/(/3$"$(

'2/.$' ($2($'$+" "#$ .*+'&%$($% 2/(/3$"$( '2/.$ *6 "#$ B)0%$ (&@$(  /'&+ -$004

C&+.$ "#$ ($')0"' /($ "** .*32($#$+'&@$ "* %&'20/! #$($ -$ '#*- "#$ ($')0"' &+ / DE:20*" F5&1)($

G4HDI4 J+ "#$ /<$' "#$ %&A$($+.$ *6 "#$ 2/(/3$"$(' *6 "#$ "-* %&'"(& )"&*+' &' 1&@$+, -#$($ 0/(1$

F2*'&"&@$I %&A$($+.$' &+%&./"$ / 3).# #&1#$( 2/(/3$"$( 6*( "#$ K('" '/320$4 >#$ .*0*)( *6 "#$

'&+10$ %*"' ($2($'$+"' "#$ '#/($ *6 "#$ K('" '/320$ *+ "#$ 3/<&3/4

L6 /00 *"#$( 2/(/3$"$(' F'./0$ /+% '#/2$I /($ $M)/0, '#/($' *6 "#&' %*3&+/"&+1 '$(&$' *6 / *)" 97%
./+  $ 1/&+$%4 L6 "#$ *"#$( '$(&$' #/' / 0/(1$( './0$, "#&' ($0/"&*+ &' %&3&+&'#$%  )" '"&00 "#$ '$(&$'

-&"# "#$ 0/(1$( 0*./"&*+ 2/(/3$"$( %*3&+/"$' "#$ 3/<&3/ '$(&$' F/ *)" 70 − 80%I4 >#$ '#/2$

2/(/3$"$( *+0! #/' / '3/00 &+N)$+.$ *+ "#$ '#/($' *6 "#$ "-* %&'"(& )"&*+ 6)+."&*+' &+ "#&' '$(&$'4

5*( "#$ '/3$ '&3)0/"&*+ '$""&+1 -$ /0'* .#$.= &6 "#$($ &' / .$("/&+ 2/""$(+ &+ "#$ +*+:*@$(0/&% 2/("

 ! .*+'&%$(&+1 "#$ (/+=' *6 "#$ +*+:*@$(0/&% 2/(" *6 "#$ '/320$' ($0/"$% "* "#$ -#*0$ '/320$4

J+$ .*)0% ')22*'$ "#/" / .$("/&+ 2/(" *6 "#$ )22$( "/&0 &' "#$ 2/(" -#&.# &' +*+:*@$(0/&%4 >#/"

-*)0% 1&@$ )' /%%&"&*+/0 &+6*(3/"&*+ *+ "#$ *@$(0/&% 2/(" /+% -*)0% #$02 )' "* ($.*+'"()." &"4

O$@$("#$0$'', &+ "#$ '&3)0/"&*+' +* .$("/&+ 2/""$(+ &' %$"$."/ 0$4 J6 .*)('$, "#$ (/+= *6 "#$

+*+:*@$(0/&% 2/(" *6 "#$ '$(&$' %$2$+%' 3).# *+ "#$ 2/(/3$"$(', '&+.$ -$ #/@$ '#*-+ &+ 5&1)($

G4HD "#/" *6"$+ *+$ '/320$ %*3&+/"$' "#$ 3/<&3)3 '$(&$'4 P '&3&0/(&"! &+ "#$ +*+:*@$(0/&% 2/("'

&' "#/" /0-/!' "#$ #&1#$'" *( /" 0$/'" "#$ '$.*+%:#&1#$'" @/0)$ *6 / '/320$ &' /0'* .*+"/&+$% &+ "#$

3/<&3)3 '$(&$'4 >#&' &' +*" ')(2(&'&+14 ?#/" &' '*3$#*- ')(2(&'&+1 &' "#$ (/+= *6 "#$ '3/00$'"

@/0)$ .*+"/&+$% &+ "#$ 3/<&3)3 '$(&$'4 L" @/(&$' 6(*3 H F"#$ '3/00$'" @/0)$ &+ "#$ '&+10$ '/320$I

)2 "* "#$ '$.*+% 0/(1$'" (/+=4 P+% /0'* &+ "#$ (/+=' *6 "#$ +*+:*@$(0/&% 2/(" *6 "#$ '/320$ "#$($

&' +* .$("/&+ 2/""$(+, "#/" &' "#$! /($ +*" &+ .*+'$.)"&@$ *(%$(4 >#$($6*($, -$ ./+ * "/&+ +*

/%%&"&*+/0 &+6*(3/"&*+  ! )'&+1 "#$ (/+=' *6 "#$ +*+:*@$(0/&% 2/(" *6 "#$ '/320$4

>#$ =+*-0$%1$ / *)" "#$ &+N)$+.$ *6 "#$ 2/(/3$"$(' *+ "#$ '#/($ 0$/%' "* "#$ 6*00*-&+1 2(*.$%)($

"* /%Q)'" "#$ '"/"&'"&./0 2/(/3$"$(' *6 "#$ ') '/320$'4 >#$ '#/($' /($ $'"&3/"$%  ! .*)+"&+1

"#$ +)3 $( *6 $@$+"'  $0*+1&+1 "* "#$ *+$ *( "#$ *"#$( %&'"(& )"&*+, -#&.# *..)( &+ "#$ 3/<&3/

'$(&$', ($'2$."&@$0!4 5&('", *+$ $'"&3/"$' "#$ 0*./"&*+ 2/(/3$"$( µS *6 "#$ -#*0$ ')33$( /++)/0

3/<&3/ '$(&$'4 ?$ /'')3$ "#/" "#$ $@$+" "!2$ -&"# #&1#$( '#/($ &+ "#&' '/320$ %$"$(3&+$' "#&'

2/(/3$"$(4 ?$ "#$($6*($ +$$% "#$ ($0/"&*+  $"-$$+ "#$ ($0/"&@$ '#/($' *6 "#$ ') '/320$' *6  *"#

"!2$' &+ "#$ -#*0$ '$(&$'R

α =
#(XSS

|XSS
∈ XS)

#(XSL
|XSL

∈ XS)
=

aSS

aSL

.

L6 α > 1, "#$+ "#$ '#/($ aSS
*6 "#$ '#*(" $@$+"' &' 0/(1$( /+% µS &' 3/&+0! %$"$(3&+$%  ! "#$'$4

L6 α < 1, "#$ '/3$ &' @/0&% 6*( "#$ 0*+1 $@$+"', -#$($/', &6 α ≈ 1, "#$ '#/($ *6  *"# "!2$' *6

HHS



 !"! #$$%&'()(*+ &$, -*+(.$ /'00,+

 !"#$% &'()'* +,-$% ./ 0,% 1$20 2-345% .6 0,% 3-7!3#3 2%$!%2 ./ 08. 9:;<=!20$!>#0%= 2-345%2 -2

- /#6?0!.6 ./ 0,% =!@%$%6?% >%08%%6 0,% 4-$-3%0%$2 ./ 0,% =!20$!>#0!.62' A0 ?-6 >%

2%%6 0,-0 3-!65B 0,% 5.?-0!.6 4-$-3%0%$ ,-2 !6C#%6?% .6 0,% 2,-$%D 8,%$% - 5-$"%$

5.?-0!.6 4-$-3%0%$ 5%-=2 0. - 5-$"%$ 2,-$%'

((E



 ! "#$%&' (&')*+')#, ), -.##/ 0'+')&')1&

 ! "#$ %$ " &'() #* $&+ &", - .&" &$$/+ #*&# 01#* *&! " &'() #* $&+ (1.&#%1" 2&'&+ # '

µS 3 41' #* $/0$&+2( -%#* & $+&(( ' $*&' - /$ #* %"51'+&#%1" #*&# %#$ (1.&#%1" 2&'&+ # ' %$

$+&(( ' #*&" #*&# 15 #* ,1+%"&#%"6 $ '% $7 1#* '-%$ #*%$ $ '% $ -1/(, 0 ,1+%"&# , %" &"1#* '

-&) &$ - *&! $#&# , &01! 3 8* ' 51' 7 #* (1.&#%1" 2&'&+ # ' 15 #* $+&(( ' $/0$&+2( *&$ #1

0 ' ,/. ,3

81 &,9/$# #* (1.&#%1" 2&'&+ # '$ - %"#'1,/. #-1 2&'&+ # '$ ρSS
&", ρSL

3 : 2 ",%"6 1" #* 

' (&#%1"$*%2$ 15 $*&' $ α7 #* $ 2&'&+ # '$7 -*%.* &' /$ , 51' & +/(#%2(%.&#%! .1'' .#%1" 15 #* 

(1.&#%1" 2&'&+ # '$ µSS
&", µSL

7 &' $2 .%; , &$ 51((1-$<

ρSS
= aSS

+ 1
2 , ρSL

= 1 , α < 1
ρSS

= 1, ρSL
= 1 , α = 1

ρSL
= aSL

+ 1
2 , ρSS

= 1 , α > 1
.

8* +1'  =/&( #* $*&' $ 15 01#*  ! "# #)2 $ -%#*%" #* $/++ ' $ '% $7 #* +1'  =/&( 01#*

(1.&#%1" 2&'&+ # '$ &' #1 #* (1.&#%1" 2&'&+ # ' 15 #* $/++ ' $ '% $3 8* $+&(( ' #* $*&' 15

1" #)2 7 #* +1' , !%&# $ %#$ (1.&#%1" 2&'&+ # ' 5'1+ #* $/++ ' $ '% $7 $%". #* ,%$#'%0/#%1"

-%#* *%6* ' (1.&#%1" 2&'&+ # ' ,1+%"&# $ #* $/++ '  ! "#$3 ># #* $&+ #%+ 7 $&+2( $ -%#*

#* $&+ (1.&#%1" 2&'&+ # ' -%(( ( &, #1 +1' 1' ( $$  =/&( $*&' ?$  #* $%+/(&#%1" &01! @ &",

#* ' 51' #* (1.&#%1" 2&'&+ # ' %$ "1# .1'' .# , +/.* 51' 01#* $&+2( $3 8* , ;"%#%1" 15 #* 

.1'' .#%1" 5&.#1'$ ρi 6/&'&"#  $ #*&# #* (1.&#%1" 2&'&+ # ' %$ "1# ' ,/. , 0) +1' #*&" ABC3

8*%$ %$ "  , , $%". - ,1 "1# -&"# #1 10#&%" & $/221'# -*%.* %$ " 6&#%! &", 5&' &-&) 5'1+ 03

81 ' 2(&. #* +%$$%"6 !&(/ $ - .&" /$ #* 5&.# #*&# 51' #* $/0$ '% $7 -*%.* ,1+%"&# $ #* 

$/++ ' &""/&( +&D%+&7 #* +%$$%"6 !&(/ $ $.&## ' &'1/", #* 2&'&+ # ' µS 7 $%". &(( 1! '(&%,

 ! "#$ ,1 "1# 0 (1"6 #1 #* $&+2( 15 (&'6  ! "#$ - 10$ '! 3 E'10&0()7 "1  ! "#$ 5'1+ #* 

'%6*# #&%( 1../' %" #* $ '% $ 15 +%$$%"6 !&(/ $ ?#* $ &' &(' &,) %".(/, , %" #* "1"F1! '(&%,

$ '% $@ &", $1 - .&" &$$/+ #*&# #* $ &' ,%$#'%0/# , $)++ #'%.&(()3 8* ' %$ "1 12#%1" #1

 $#%+&# #* !&'%&". 15 #*%$ $/0$&+2( ,%' .#()3 G (&#%! () (&'6  ! "#$ &' 21$$%0() 1! '(&%, 0)

(&'6  ! "#$7 0 (1"6%"6 #1 #* 1#* ' $/0$&+2( 3 8*&# %$ -*) - .1"$%, ' * ' & $2 .#'/+ &'1/",

#* (1.&#%1" 2&'&+ # ' #1 %"#'1,/. &" &'#%;.%&( !&'%&". 3 H &$$/+ #*&# #*%$ $2 .#'/+ (% $

$)++ #'%.&(() %" ,%$#&". 15 #* &$$/+ , !&'%&". 15 #* ' $2 .#%!  ! "# #)2 &'1/", µS 7 $1

#*&# - %".(/, (&'6 ' &$ - (( &$ $+&(( '  ! "#$ %" I  2%"6 #* + &" µS 3 J", ' #* .1"$%, '&#%1"

#*&# - 1"() I"1- & $/0$&+2( 7 - /$ #* '10/$#  $#%+&#1' K>: ?+ ,%&" &0$1(/# , !%&#%1"@

51'  $#%+&#%1" 15 #*%$ !&'%&0%(%#) 5'1+ #* I"1-" 2&'# 15 #*%$ $ '% $

MAD(X1, . . . , Xm) = C ·med(|Xi −med(X1, . . . , Xm)|, i = 1, . . . ,m),

-* ' C = 1
Φ−1(3/4)

≈ 1.4826  "$/' $ #* .1"$%$# ".) /", ' "1'+&(%#) ?.53 L/0 ' ?MNOM@@3 P%". 

- 1"() /$ & 2&'# 15 #* $ '% $7 - .&" &$$/+ #*&# (&'6 , !%&#%1" 5'1+ "1'+&(%#) -%(( "1# 1../'3

>$  D&+2( - $*1- & QQF2(1# 15 #* "1"F1! '(&%, 2&'# 15 & $%+/(&# , $ '% $ 15 n = 1000 ,&#&

21%"#$ ?∼ GEV (20, 5, 0.4)@ .1+2&' , -%#* & "1'+&( ,%$#'%0/#%1" ?4%6/' R3MS@7 -* ' - 1"()

$  & $+&(( , !%&#%1" 5'1+ "1'+&(%#) 1" #* (1- ' #&%( &", 51' #* (&'6 $# !&(/ 3 L ' 7 &6&%" - 

-&"# #1 /$ #* 2'12 '#) 15 $#&0%(%#) %"  $#%+&#%1" 15 '10/$#  $#%+&#1'$7  ! " 51' $+&(( $&+2( $3

T5 .1/'$ 7 &($1 1#* ' "1'+&(%$&#%1" 5&.#1'$ *&! 0  " /$ ,3 U ! '#* ( $$7 $+&(( ' .*1%. $ $*1- ,

& $#'1"6 /", ' $#%+&#%1" 15 #* ( 5# #&%(7 -* ' &$ (&'6 ' !&(/ $ 15 #* "1'+&(%$&#%1" .1"$#&"# ( ,

#1 & (&'6 ' 1! ' $#%+&#%1" 15 #* '%6*# #&%(3

E( &$ "1# #*&# #* MAD  $#%+&#1' .&" &($1 0  D2' $$ , &$ & GLF$#&#%$#%.3 V# *&$ 0  "

.1"$#'/.# , 0) L/0 ' ?MNOM@  $2 .%&(() 51' $)++ #'%. ,%$#'%0/#%1"$7 -*%.* *&$ 0  " #* ' &$1"

51' G1/$$  /- &", W'1/D ?MNNX@ #1 , ! (12 +1' 6 " '&(  $#%+&#1'$7 &($1  Y.% "# 51' &$)++ #'%.

MMZ



 !"! #$$%&'()(*+ &$, -*+(.$ /'00,+

 !"#$% &'()'* ++,-./0 /1 02% 3/3,/4%$.5!6 -5$0 /1 5 758-.% /1 n = 1000 GEV (20, 5, 0.4),
6!70$!9#0%6 6505 :/8-5$%6 ;!02 02% 3/$85. 6!70$!9#0!/3' <2% 85=!8#8 7%$!%7

:/37!70!3" /1 02% 3/3,/4%$.5!6 -5$07 !7 :/370$#:0%6 ;!02 5 7%:/36 7%$!%7 /1 n = 1000
GEV (40, 2, 0.1),6!70$!9#0%6 6505' > 785.. 6%4!50!/3 1$/8 3/$85.!0? :53 9% 1/#36

!3 02% .%10 05!.'

((&



 ! "#$%&' (&')*+')#, ), -.##/ 0'+')&')1&

 !"#$!%&#!'(") *&# +, -./, ",,( #-.# "011,#$0 2.( %, .""&1, -,$,3 "' #-, MAD ,"#!1.#'$ !"

"&42!,(#)

5-, $'%&"#(,"" '6 789 -." #-, ,:,2# #-.# 6'$ . ;.$<, "2.;, =.$.1,#,$ '6 #-, .((&.; "&11,$

1.>!1. ",$!," ?#-.# 1,.(" 1.(0 ;.$<, ,/,(#" !( #-, ".1=;,@ #-, ."",""1,(# '6 #-, /.$!.(2, +!;;

$,"&;# !( . ;.$<, /.;&,3 #'') 5-!" !" !1='$#.(#3 "!(2, '(, 2.( .""&1, #-.# 6'$ . ;.$<, "2.;, .;"'

#-, '/,$;.! ,/,(#" "2.##,$ 1&2-) A'+,/,$3 !6 #-, "-.=, =.$.1,#,$ !" ;.$<,3 "!(<;, ,>#$,1,;0

;.$<, ,/,(#" +!;; '22&$ !( #-, 1!>, ",$!," '6 "&11,$ .((&.; 1.>!1.) B!(2, '(, 2.( .""&1, -,$,

#-.# #-, '/,$;.! ,/,(#" '(;0 $,=$,",(# #-, ;,6# #.!; '6 #-,  !"#$!%&#!'(3 #-, ;.$<, "-.=, =.$.1,#,$

"-'&; -./, (' !(C&,(2, '( #-, "=,2#$&1 '6 #-, DE;;!(<F  .#.) *0 &"!(< #-, $'%&"# ,"#!1.#'$

#-!" $,G&!$,1,(# !" 6&;E;;, )

86#,$ ,"#!1.#!(< #-, ;'2.#!'( ." +,;; ." #-, /.$!.(2, '6 #-, '/,$;.! ".1=;, !# $,1.!(" #' "!1&;.#,

#-, 1!""!(< /.;&,") H'$ #-!"3 .  !"#$!%&#!'( -." #' %, 2-'",() B!(2, #-, $!<-# #.!; !" .;$,. 0

$,=$,",(#, %0 #-, ('(I'/,$;.! =.$# '6 #-, "&%".1=;,3 . "011,#$!2  !"#$!%&#!'( ",,1" #' %,

6./'&$.%;,) 8" 1,(#!'(, %,6'$, #-, ;,6# #.!; "-'&; %, %'&( , .( 2;'", #' #-, #-,'$,#!2.; ;,6#

%'&( '6 #-, "&=='$#3 µ− σ/ξ)
5' <,(,$.#, #-, 1!""!(< /.;&," !( #-, #+' "&%".1=;," +, #-,$,6'$, 2-''", #-, &(!6'$1  !"#$!I

%&#!'(3 6'$ +-!2- #-, %'&( " .$, J('+() K6 2'&$",3 .;"' '#-,$ "011,#$!2  !"#$!%&#!'(" ;!J, #-,

('$1.;  !"#$!%&#!'( +'&; %, ='""!%;,3 %&# #-!" -." &(%'&( , "&=='$#) 8" 1,(#!'(, .%'/,3

#-, "J,+(,"" -." (' !(C&,(2, '( #-, '/,$;.!  .#. .( #-, &", 6'$ #-, 2.;2&;.#!'( '6 #-, ;,6#

%'&( +'&; !("#,. '(;0 !(2$,.", #-, &(2,$#.!(#0  &, #' #-, &(2,$#.!( ,"#!1.#!'() L( 6.2#3

#-,", =.$#" '6 #-, "&%".1=;," +!;; 1.!(;0  ,#,$1!(, #-, ;'2.#!'( '6 #-, +-';, ".1=;,3 "&2- #-.#

. &(!6'$1  !"#$!%&#!'( '/,$ .( !(#,$/.; MNI #-,  !"#.(2, '6 #-, /.$!.(2, #' #-, . O&"#, ;'2.#!'(

!" ",("!%;,) 7'$,'/,$3 #-!" !" .==$'>!1.#,;0 "011,#$!2 .$'&( #-, 1' ,)

5-,$,6'$,3 #-, 1!""!(< /.;&," !( %'#- ".1=;," .$, "!1&;.#, 6$'1 #-, 6';;'+!(< #+'  !"#$!%&#!'("P

XSS
∼ U [ρSS

µS −MADSS
, ρSS

µS +MADSS
]

XSL
∼ U [ρSL

µS −MADSL
, ρSL

µS +MADSL
],

+!#- MADi  ,('#!(< #-, ,"#!1.#, "#.( .$  ,/!.#!'( '6 #-, J('+( =.$# '6 #-, ",$!," i)
8" .( .;#,$(.#!/, '(, 2'&; .;"' &", #-, kMAD3 #-, MAD 6'$ ."011,#$!2  !"#$!%&#!'(" <!/,(

%0

kMAD(F, k) = inf{t > 0|F (m+ kt)− F (m− t) ≥ 1/2},

+-,$, F !" #-, 2&1&;.#!/,  !"#$!%&#!'( 6&(2#!'( .( m #-, 1, !.( '6 F ?",, ,)<) Q&2J ,"2-,;

.( A'$%,(J' ?RSTS@@) U,/,$#-,;,""3 !( #-!" 2.", +, +'&; -./, #' 2-''", . #&(!(< =.$.1,#,$

k ;,. !(< #' . "!1!;.$ =$'%;,1 ." 6'$ #-, 2;.""!2.; MAD) A,(2,3 ." 1,(#!'(, .%'/,3 +, 2.(
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 !"#$% &'()'* +!,-."$/0 .1 -2% %,-!0/-%3 ,2/4% 4/$/0%-%$ 1.$ /55#/6 0/7!0/ .1 -2$%% $!8%$

9/,!5,' :2% -;4!</6 $/5"% .1 -2% ,2/4% 4/$/0%-%$ 1.$ -2% <.5,!3%$%3 9/,!5, !,

9%-=%%5 > /53 >'?'

-=. /53 -2$%% 4/$/0%-$!< 3!,-$!9#-!.5,' :2!, !, 3.5% 9; </6<#6/-!5" -2% @@AB /53 -2% @@'@AB

C#/5-!6%, .1 -2% D--%3 3!,-$!9#-!.5, /53 <.5,!3%$!5" -2% 9!/, /53 -2% EFGH 1.$ -2% <.$$%,4.53!5"

C#/5-!6%, .1 -2% /,,#0%3 -$#% 3!,-$!9#-!.5' I5 9.-2 ,<%5/$!., -2!, -$#% 3!,-$!9#-!.5 !, -2% .5%

=!-2.#- 0.3!D</-!.5J =2!<2 2/, -2% 1.66.=!5" C#/5-!6%,*

Q0.99; !"# = 146.0, Q0.999; !"# = 169.1

Q0.99; $%& = 158.4, Q0.999; $%& = 199.5

Q0.99; $%' = 175.5, Q0.999; $%' = 249.0.

I5 -2% ,!0#6/-!.5 =% <.5,!3%$ K>>> $%4%-!-!.5, 1.$ %/<2 .1 -2% 3!L%$%5- ,/046% 6%5"-2, %C#/6 -.

n = 30, 50, 100, 200' M55#/6 ,%$!%, =!-2 / 6%5"-2 .1 0.$% -2/5 K>> ;%/$, /$% 8%$; $/$% !5 2;3$.6.";
/53 -2%$%1.$% /5 #44%$ 6%5"-2 .1 (>> ,%%0, -. 9% ,#N<!%5-'

O% <.04/$% -2% 1.66.=!5" D8% 3!L%$%5- %,-!0/-.$,'

• F/7!0#0BP!Q%6!2..3BH,-!0/-!.5

• LB0.0%5-,

• :$!00%3 LB0.0%5-, =!-2 /,;00%-$!< -$!00!5" R>JKS

• :$!00%3 LB0.0%5-, =!-2 ,;00%-$!< -$!00!5" RKJKS

• F!5!0#0 T!,-/5<% %,-!0/-.$

:2% F!5!0#0 T!,-/5<% %,-!0/-.$ 1.$ -2% 4/$/0%-%$ 8%<-.$ θ #,!5" -2% U$/0%$B8.5BF!,%,
3!,-/5<% !, "!8%5 9;

θ̂ = argmin
θ

∫ ∞

−∞
(Fn(x)−Gθ(x))

2 dx,

K?)
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()* Gθ $'! *# $%#78$#9) :8)&$#9) ;#$' 6(%(5!$!%.<!&$9%2 θ $9 7! =$$!*3 >) 98% &( ! ;! )!!*

$9 5#)#5#?! .:9% $'! @AB *# $%#78$#9)2

∫ ∞

−∞

(

Fn(x)− exp

(

−
(

1 + ξ

(
x− µ

σ

))− 1
ξ

))2

dx .C3D2

9% .:9% $'! @857!- *# $%#78$#9)2

∫ ∞

−∞

(

Fn(x)− exp

(

− exp

(

−x− µ

σ

)))2

dx, .C302

;'#&' # *9)! )85!%#&(--E3

F: &98% ! #$ # (- 9 69  #7-! $9 8 ! 9$'!% *# $()&! 5!( 8%! 4 :9% !G(56-! $'! +!--#)H!%I

*# $()&!3 J!<!%$'!-!  4 $'! %! 8-$ *9 )9$ *#K!% 58&'  9 $'($ ;! *!&#*! $9 8 ! $'! !( #!%

$9 '()*-! L%(5!%I<9)IM# ! *# $()&!3
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+$637$< =-1*381 ! 5->.-?0!.1 0*!.>$ 34 1*$ $51-6!1$< @8!.1-#$ 43+ <-A$+$.1 /!+!6$1$+

0*3-0$5 !.< 5!6/#$ #$.>1*5 !.< 1*$ BCDE !.< BBDE@8!.1-#$5' F3+ !## 5!6/#$5 =$

0!. +$637$ !1 #$!51 GCD 34 1*$ 56!##$51 <!1! 8.1-# ! 5->.-?0!.1 <$7-!1-3. 4+36 1*$

$51-6!1$< @8!.1-#$ 3008+5'

9:; /!+!6$1$+5 n = 100 n = 1000
µ σ ξ BCD BBD BCD BBD

HCC &C C'I GJ'&KK LG'BLL HL'HMH GC'MK&

HCC &C C'J KC'GBJ LL'BI& &H'B GH'CJ&

HCC &C C'H KI'&JM M&'BIJ &I'GHH G&'JBL

HCC H& C'I G&'LCB LK'K&B HL'JCL GH'GIJ

HCC H& C'J KC'&GI LI'IJL &&'IHH G&'HHM

HCC H& C'H KL'K&& M&'JLH &I'LHL G&'&II

HCC M C'I GJ'IC& LI'LMK HL'GGK GC'BJM

HCC M C'J KC'&GB LL'GIJ &&'CLK GH'KGH

HCC M C'H KL'IKJ M&'CBK &I'LBJ G&'HIK

HCC & C'I GJ'&LJ LG'MMG HL'J&K GH'HH&

HCC & C'J KC'&GL LM'MJK &&'&LJ G&'&JB

HCC & C'H KL'I&K MH'K&L &I'J G&'CKB

KC &C C'I G&'L&& LI'CHI HL'CK& GH'BMI

KC &C C'J KC'JLG LM'KLI &&'HMJ GH'GLH

KC &C C'H KL'GGH MH'BMH &I'B&& G&'CMH

KC H& C'I GJ'BB LL'GJJ HI'BKG GH'MHB

KC H& C'J KC'ILJ LM'HBL &&'GHI GH'&K&

KC H& C'H KI'MM& M&'JII &I'GIL GH'BH

KC M C'I G&'KHH LI'CHM HL'J& GH'HH

KC M C'J KC'GL& LM'ICH &&'KJG G&'KK

KC M C'H KI'MMG MH'KML &I'KH G&'JKK

KC & C'I GJ'HI LK'BLJ HL'HII GH'KBB

KC & C'J KC'GHL LM'J& &&'HH& G&'GLB

KC & C'H KI'BCB M&'HBB &I'LI G&'JH

JC &C C'I G&'&BJ LI'KJB HL'KGH GC'MH

JC &C C'J KC'JKM LL'M&H &&'CIK G&'H&&

JC &C C'H KM'MJB MH'II &I'KKM GH'KKI

JC H& C'I GJ'HCG LL'CKG HI'GMK GC'IMG

JC H& C'J KH'&LJ LM'HB &&'HJL G&'&CI

JC H& C'H KL'&H& MH'BMM &I'MIG G&'LJJ

JC M C'I G&'GJG LL'H&G HI'BJH JB'BML

JC M C'J KC'BC& LL'JM &&'CJH G&'JIH

JC M C'H KL'CKL MH'KJM &I'GCB G&'KKM

JC & C'I G&'LLK LI'IKI HL'H&M GC'LIL

JC & C'J KC'BMI LL'MKH &&'&BI G&'GM

JC & C'H KI'M&H MC'ILM &L'C&& G&'&CH

HC &C C'I G&'BCI LI'&&I HI'LHJ GH'&IL

HC &C C'J KC'LL& LM'JLI &&'HHK GH'KJG

HC &C C'H KM'IGH MH'MLM &I'KGH G&'HH

HC H& C'I G&'MCJ LL'HHB HL'GH& GH'HHG

HC H& C'J KC'BJM LL'GJ &&'JIJ GH'HGK

HC H& C'H KL'G&L MH'MJK &I'GCJ G&'KKI

HC M C'I G&'LJI LK'BGG HI'MCM GC'ILH

HC M C'J KC'LB& MC'&JL &&'CIJ G&'CMM

HC M C'H KL'GKG M&'CML &I'GCM G&'L&L

HC & C'I GJ'LIH LI'&CB HL'HGK GC'MHB

HC & C'J KC'KGJ LM'C& &&'&M G&'HBK

HC & C'H KI'MHK M&'KCL &I'MIH GH'BC&

HBJ
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